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ABSTRACT

For a simple connected graph G = (V,E), a bijective function Submitted: August 07, 2025
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p, where p is an odd prime, if the induced function j;,*: E(G) = {0,1}
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(wuy/p) = 1, where f(u) + f(v) = wyy(mod p), 0 < w,, < p, satisfies the
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1. INTRODUCTION

In this study, only graphs that were finite, simple, and connected were considered. A graph
G = (V,E) has a vertex set IV = V(G) and an edge set E = E(G), and the cardinalities | V| and | E| are
called the order and size of G, respectively. For a general reference to graph-theoretic notions, refer to
[1]. Graph labeling is a concept in graph theory in which integers are assigned to vertices or edges (or
both) subject to certain conditions. This topic is an active area of research with numerous applications
in coding theory and communications.

In the number theory, finding solutions to certain equations or congruences (subject to certain
conditions) is very important. Quadratic congruence x> = a(mod p), where p is an odd prime, has been
studied for many years, and several properties have been established to test whether the congruence has
a solution. Legendre, a French mathematician, introduced the Legendre symbol (a/p) which states that
if p is an odd prime and « is an integer relatively prime to p, then (a/p) = 1 whenever x> = a(mod p) has
a solution; otherwise, (a/p) = —1. Several properties of the Legendre symbol can be found in previous
studies [2], [3]. Various topics in number theory such as encryption, decryption, and the Fibonacci
series, are now significant in the fields of cryptography, computer science, and engineering [4].

In 1987, Cahit [5] introduced a new graph-labeling method called cordial labeling. This graph
labeling is considered a weaker version of graceful labeling and harmonious labeling. It also serves as
a foundation for different topics of graph labeling, such as total product cordial labeling [6], Lucas
divisor cordial labeling [7], and Fibonacci cordial labeling [§]. In fact, some topics of cordial labeling,
namely, sum cordial labeling and mean cordial labeling, are utilized to study blood circulation, human
anatomy, and the circulatory system [9], [10].

In this study, we introduce a new type of cordial labeling, called Legendre cordial labeling. Let p be
an odd prime. For a simple connected graph G = (V, E) of order n, a bijective function f: V' (G) —
{1,2,...,n} is said to be a Legendre cordial labeling modulo p if the induced function f;: E(G) —
{0, 1} is defined by

y 0if (w,/p) =—lorw, =0
, Wv) =1 .
g Lif (wu/p) =1
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given that f'(u) + f(v) = w,,(mod p), 0 < w,, < p, satisfies the condition ‘ef; 0) — e/;«(l)‘ < 1, where
ez (i) is the number of edges with label i (i = 0, 1). A graph that admits a Legendre cordial labeling
modulo p is called a Legendre cordial graph modulo p.

Additionally, this new type of cordial labeling extends the traditional graph labeling methods by
incorporating the Legendre symbol. In addition, this approach aims to investigate new mathematical
structures in graph labeling and to explore their potential applications in real life.

2. PRELIMINARIES

Definition 2.1. A path graph P, of order n is a graph with vertex set V' (P,) = {vi, v, ..., v,} and edge
set E(Py) = {viva, vav3, ..., Vy_1Vy}.

Definition 2.2. A cycle graph C, of order n is a graph with vertex set V'(C,) = {v{,v2,...,v,} and
edge set E(C,) = {viva, vaV3, ..., V1V, VaV1 }.

Definition 2.3. A star graph S, of order n is a graph obtained from vertices v, v3,...,v,—; and
connects each of these vertices to a central vertex v,,.

Definition 2.4. A tadpole graph T,,,,, of order n+m is obtained from a cycle graph C, and path graph
P,,11 where a pendant vertex (a vertex with degree 1) is a vertex of C,,.

Definition 2.5. A kayak paddle graph KP,, ,,  of order n + m + k is a graph obtained from two cycle
graphs C, and Cg, and path graph P, for which a pendant vertex of P, is a vertex of C, and the
other pendant vertex is a vertex of Cy.

Definition 2.6. A bistar graph B, ,, of order n + m is obtained from two star graphs S, and S,, such
that the central vertex of S, is adjacent to the central vertex of S,,,.

Definition 2.7. A fan graph F, of order n is obtained from path graph P,_; and connects each vertex
of P,_; to a new vertex xg.

Definition 2.8. Let p be an odd prime and « be an integer relatively prime to p. Then «a is a quadratic
residue of p if the quadratic congruence x> = a(mod p) has a solution. Otherwise, a is a quadratic
nonresidue of p. The Legendre symbol (a/p) is defined as (a/p) = 1 if a is a quadratic residue of p;
otherwise, (a/p) = —1.

Theorem 2.9.[3] Let p be an odd prime. Then p has 1%1 quadratic residues and 1%1 quadratic nonresidues
in the set {1,2,...,p — 1}.

Theorem 2.10. [3] Let p be an odd prime and let a and b be integers relatively prime to p. If a =
b(mod p), then (a/p) = (b/p).

3. MAIN RESULTS

In the succeeding discussion, we denote p as an odd prime.

Lemma 3.1. There exists an integer k, 0 < k < p, such that (’%ki]/p) =1.

Proof. Define 6, = (p +2k £1)/2(modp), 0 < 6 < p,fork =1,2,...,p—1.Let¢ = {6;: k =
0,1,...,p—1},then¢ ={0,1,...,p — 1}. According to Theorem 2.9, p has ‘%1 quadratic residues in
set ¢. Thus, (6x/p) = 1 for some integer k, 0 < k < p. Because (’%"il / p) = (6x/p) by Theorem

2.10, there exists an integer k, 0 < k < p, such that (’%"il /p) =1.0

Theorem 3.2. The path graph P, is a Legendre cordial graph modulo p.
Proof. Let V' (P,) = {v1,v2,...,v,} and define the bijective function f: V'(P,) — {1,2,...,p} by

1 1
i+ P foriz=1,2,.. 20

S )= 2 2
. o p+1 . p+3 p+5
I—Tforlz—,T,...,p.

As a consequence, for viviy1 € E(P)),

-1
2i (mod p) fori=1,2,...,pT
f(vi) +f (vi-H) = 1 3
(i — p) (mod p) fori=l%,l%,...,p—1.

In view of this labeling, let

az{%_:f(vi) +f(vi+1)E‘§>:(mOdp)’0 <‘$;: <p’l: 1’2""’]7_ 1}
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Thus, « = {1,2,...,p — 1} and by Theorem 2.9, p has ‘%1 quadratic residues and ‘%1 quadratic
nonresidues in set «. Hence, ef 0) = efp*(l) = p—;]. Therefore, ef 0) — ef (1)| = 0 and it follows that

P, admits a Legendre cordial labeling modulo p. O
Example 3.3. Fig. | presents the Legendre cordial labeling modulo p of the path graph P, specifically
illustrated for the case p = 7.

Fig. 1. Legendre cordial labeling modulo 7 of P;.

Theorem 3.4. The cycle graph C, is a Legendre cordial graph modulo p.
Proof. Let V'(Cp) = {vi,v2,...,v,} and suppose that /: V(C,) — {1,2,...,p} is a bijective function
defined by f(v;) = ifori=1,2,...,p. Consequently, for v;viy| € E(C,),

_3
Qi + 1) (mod p) fori= 1,2,...,p—2
, , —1
S i)+ f (vir1) = 10 (mod p) fori = pT
1 p+3
Qi-p+Dmodp) fori="22 P22

and for viv, € E(C,), f(v1) +f(v,) = 1(mod p). In view of the above labeling, suppose that

a={&: fO)+f ) =Emodp),0 <& <p,i=1,2,....p,i# (p—1)/2}
and
B={&:/ () +/f () =& @modp),0 <& < p}.
Thus, 0 UB ={1,2,...,p—1}. By Theorem 2.9, there are ‘%1 quadratic residues and ’%1 quadratic
nonresidues of p in the set « U 8. Additionally, notice that ];*(v(p_l) /2Vp+12) = 0. Therefore, erx 0) =
’%I—H and ef;(l) = ’%1. Hence,

labeling modulo p. O
Example 3.5. The Legendre cordial labeling modulo p of the cycle graph C,, with p = 7, is shown in

ers 0) — e (1)‘ = 1 and it follows that C, admits a Legendre cordial

Fig. 2.
4 9 b
N ¥
3 6
L0 (=}
2 7
1

Fig. 2. Legendre cordial labeling modulo 7 of C7.

Theorem 3.6. The star graph S, is a Legendre cordial graph modulo p.

Proof. Let 1(S,) = {vi, v2,...,V,} where v, is a central vertex. Now, letf: V'(S,) — {1,2,...,p}bea
bijective function defined by f'(v;)) = ifori=1,2,...,p. So, for v;v, € E(S,), f(v}) + f(v,) = i(mod p)
fori=1,2,...,p — 1. In view of this labeling, suppose that

a={&: /) +f () =&modp),0 <& <p,i=12,....p—1}.

Consequently, « = {1,2,...,p — 1}. According to Theorem 2.9, there are ’%1 quadratic residues
and ’%1 quadratic nonresidues of p in set «. Therefore, efr 0) = ef;(l) = 1%1 and it follows that
er 0) — e/;(l)‘ = 0. Hence, S, admits a Legendre cordial labeling modulo p. [

Example 3.7. An illustration of the Legendre cordial labeling modulo p of the star graph S, forp =7
is provided in Fig. 3.
Theorem 3.8. The tadpole graph T, is a Legendre cordial graph modulo p.
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Fig. 3. Legendre cordial labeling modulo 7 of 7.

Proof. According to Lemma 3.1, there exists an integer k, 0 < k < p, such that (’# /p) =1.Let
C,beacycleand P,y beapath of T, , with V(C,) = {vi,v2,..., vy} and V(Ppy1) = {vi, ut, ua, ..., p}.
We define the bijective function f: V(T,,) — {1,2,...,2p} by f(v)) =ifori=1,2,...,p, and

—1 1

i+——+p fori=1,2,...,[i
) = 2 2
p+1 p+3 p+5

i—T+p fori= IR
For the edges of C,,
(2i + 1) (mod p) forz’=1,2,...,p%3
S )+ (ig1) = 10 (mod p) fori = p%l
Q2i—p+ 1) (modp) fori= Iil,l%{...,p,
and f(v1) +f(v,) = 1(mod p). For the edges of P, 1,
2i (mod p) fori=1,2,...,p%1
S () = (2i — p) (modp) fori= 1%1,1%3,...,1)— 1.

and f(vg) + f(u1) = er2#(modp).
In view of the above labeling, let

o = {éf(vl) +f(vi+1) Eg(mOdp);O <E <pni= 1’25"'9pai5£ (p_ 1)/2}7
B=1{&:f) +/(y) =&modp),0 <& < p},and

y ={&: fu)+f(wi) =&modp),0 <& <p,i=1,2,....p—1}.

Thus,aUB =y ={1,2,...,p—1}. According to Theorem 2.9, there are ‘%1 quadratic residues and
p%l quadratic nonresidues of p in the sets « U B and y. Additionally, notice that f, (v(—1)/2Vp+1)2) = 0
andfp*(vkul) = 1. Therefore, ef;(O) = efp*(l) =2 (1%1) + 1 = p. Hence, ef[;«(O) - efif(l) = 0 and it
follows that 7}, , admits a Legendre cordial labeling modulo p. O

Example 3.9. In Fig. 4, one can observe the Legendre cordial labeling modulo p of the tadpole graph
T, for a particular case when p = 7.

Fig. 4. Legendre cordial labeling modulo 7 of 777.
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Theorem 3.10. The kayak paddle graph KP, , , is a Legendre cordial graph modulo p.
p+2k +1 /p) .

Proof. Note that there exist integers k) and k», 0 < ki, k; < p, for which ( 7

p+2ky—1
(5
with V(C{,) = {v’i,v’é,...,vz} for j = 1,2, and let P,,, be the path of KP,,, with V(P,») =
{v}q,ul, Uy ..oy Uy, viz}. Furthermore, define the bijective function f: V/(KP,,,) — {1,2,...,3p} by
foh=iandf(v}) =i+2pfori=1,2,...,p,and

/p) = 1 according to Lemma 3.1. Now, suppose that C; and Cj are cycles of KP,,,

-1 1
i+p—+p fori:l,2,...,1i
f ) = 2 2
P o R PR kN e i R
5 7y b
For the edges of c,
-3
(i + 1) (mod p) fori:l,z,...,pT
. . _ ,_p—l
f(,->+f(vf»+1)— 0 (mod p) forz——2
1 3
Qi—p+D(modp) fori=22 222
andf(v’i) +f(v£,) = l(modp) forj = 1,2. For the edges of P>,
-1
2i (mod p) fori=1,2,...,pT
S ) +f (i) = 1 3
(2i — p) (mod p) fori:li,l%,...,p—l,
2k +1 2k, — 1
FoL) +fan) = EEZ N (mod ), and ) +702) = 222" (mod ).
1 2 2

In view of the above labeling, let

o =& /() +/(V,) =Emodp),0 <& <p,i=12....pi# (p—1)/2}.and

B ={E: (V) + /() = £(mod p),0 < & < p}

for j = 1,2, and suppose that
y ={§:f ) +[f (uiy) =& (modp),0 <& <p,i=12,....,p—1}.

So,¢1 UB =axUBy =y ={1,2,...,p — 1}. By Theorem 2.9, there are 1%1 quadratic residues
and ’%l quadratic nonresidues of p in the sets «; U B, ap U B, and y. Additionally, observe that

S5 Wl Vipiy2) = 0forj = 1,2, and £ (v} ) = £ up13,) = 1. Thus, e (0) = e (1) = 3 (551 ) +2.

Consequently,

e (0) — e_f;«(l)‘ = 0 and it follows that KP,,, admits a Legendre cordial labeling
modulo p. O

Example 3.11. IFig. 5 shows the Legendre cordial labeling modulo p of the kayak paddle graph KP,, ,, ,
when p = 5.

1 3 2 1 11
& 5 3 8 9 10 6 7 12 o i
5 4 13 14

Fig. 5. Legendre cordial labeling modulo 5 of KPs 5 5.

Theorem 3.12. The bistar graph B, , is a Legendre cordial graph modulo p.

Proof. Let S[,ﬁ and Sj be star graphs of B,, with V(S),) = {v|,V},...,v,} where v, is the central
vertex of Sﬁ,, forj = 1,2. Now, let f: V(B,,) — (1,2, .},2p} be a bijecf[ive fun_ction defined by
SO =i+ (G—Dpfori=1,2,...,pandj = 1,2. So, for v}, € E (B,,), f(V}) + f(v) = i(mod p) for
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i=12,....,p—landj = 1,2, and for viv> € E(B,,).[(v}) +f(v;) = 0(mod p). Given this labeling,
let

oej={é:f(vf»)—i—f(v;)Eé(modp),0<§<p,i=1,2,...,p—1}

forj = 1,2. Thus, oy = o = {1,2,...p — 1} and by Theorem 2.9, there are 1%1 quadratic residues
and ’%l quadratic nonresidues of p in the sets «; and «;. Additionally, observe that ﬁ,*(v},vlz,) = 0. So,
efl»;(O) =2 (’%1) +1=pand ef;(l) =2 (’%1) = p — 1. Hence, efl;«(O) — ef;(l)‘ = 1 and it follows
that B, , admits a Legendre cordial labeling modulo p. [

Example 3.13. Fig. 6 shows the Legendre cordial labeling modulo p of the bistar graph B, ,, where
p="T.

o
6 13

Fig. 6. Legendre cordial labeling modulo 7 of B77.

Theorem 3.14. The fan graph F, is a Legendre cordial graph modulo p.

Proof. Let P, be a path of F,; with V(P,) = {vi,v2,...,v,}. Suppose that v,,; is a new vertex
for which v;v,11 € E(Fpq) fori = 1,2,...,p. Now, let f: V(Fy41) — {1,2,...,p + 1} be a bijective
function defined by

-1 1
i+? " fori=1,2,.. 20
S () = 2 2
P Y B
2 - s 2 ’~--ap’
and f(v,+1) = p + 1. For the edges of P,
-1
2i (mod p) fori=1,2,...,pT
SO)+f i) = 1 3
(2i — p) (mod p) fori:li,l%,...,p—l.
For the remaining the edges of Fy, 1,
1 -3
i+li (mod p) fori=1,2,...,p—
2 | 2
. D
F ) +f (vp+1) = {0 (mod p) fori= —
-1 1 3
(i—pT) (mod p) fori:pL,l%,...,p—l.

In view of the above labeling, let

a={§:f(v) +fiy) =§modp),0 <§ <p,i=12,....p—1},and

B = {éf(vt) +f'(vp+1) = é(mOdl’),O <& <p,i= 1925"'9p9i 7& (P_ 1)/2}

Thus, « = 8 = {1,2,...,p — 1} and by Theorem 2.9, there are ”%l quadratic residues and ’%1

quadratic nonresidues of p in sets o and B. Additionally, notice that f, (vj—1)2vp+1) = 0. Hence,
ers 0 =2 (”%1) +1=pand ers 0 =2 (”%1) = p — 1. Clearly, efx 0) — e/;(l) = 1. Therefore, F}, 41
admits a Legendre cordial labeling modulo p. (J

Example 3.15. Fig. 7 shows the Legendre cordial labeling modulo p of the fan graph F,, for the
casep = 11.
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Andoyo and Rulete On Legendre Cordial Labeling of Some Graphs

Fig. 7. Legendre cordial labeling modulo 11 of Fi;.

4. CONCLUSION

In this study, we proposed a new type of cordial labeling, called Legendre cordial labeling, which
incorporates the Legendre symbol into graph labeling. We demonstrated that the path graph P, cycle
graph C,, star S, tadpole graph T, ,, kayak paddle graph KP,, ,, bistar graph B, ,, and fan graph
F,41 admit a Legendre cordial labeling modulo p, where p is an odd prime. This contributes to the
growing field of cordial labeling by linking graph theory with classical number-theoretic ideas. Future
work may focus on identifying other graph classes that admit this labeling and investigating possible
applications in cryptography, network analysis, and related areas.
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