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The Use of Solvable Directed Graphs 1n a
Jacobi-like Algorithm

Meltem Turan

Abstract—In this paper, we introduce a Jacobi-like algorithm
(we call D-NJLA) to reduce a real nonsymmetric n X n matrix
to a real upper triangular form by the help of solvable directed
graphs. This method uses only real arithmetic and a sequence
of orthogonal similarity transformations and achieves ultimate
quadratic convergence. A theoretical analysis is constructed and
some experimental results are given.

Index Terms—eigenvalues and eigenvectors, Jacobi-like algo-
rithms, transformation methods

I. INTRODUCTION

The numerical computation of matrices’ eigenvalues is a

problem of major importance in many scientific and engi-
neering applications. The applications areas, where eigenvalue
calculations arise, are structural dynamics, electrical networks,
macro-economics, quantum chemistry, chemical reactions,
control theory, etc [26].
It is generally difficult to determine precisely eigenvalues of a
matrix by solving the characteristic equation. So, the fact that
similarity transformations on a matrix leave its eigenvalues
invariant, i.e., a n X n matrix can be reduced to the simpler
form through unitary similarity transformations

Q' AQ =B, (1)

where () is unitary and B is the simpler matrix form (diagonal,
upper or lower triangular matrix). So two matrix A and B are
called similar. However, as the size of the matrix A increases,
finding the unitary similarity matrix () becomes more difficult.
Therefore, the unitary transformation matrix () is calculated
iteratively, i.e.,

—=T
Q7-+1A7“Q'r+1 = A7"+1a AO = Aa (2)

where @,;1 is the unitary matrix and 7 is the number of
steps [3], [9]. The most well-known of the iterative methods
developed for symmetric matrices is the Jacobi method [5], [7],
[12], [25]. Because it is successful and easy to implement for
the computation of eigenvalues of symmetric matrices, now
it has been generalized for nonsymmetric matrices which is
known Jacobi-like algorithm [6], [10], [13], [18], [20], [21].
The convergence rate of these algorithm depends on the sorting
of the diagonal elements of A and choosing elements to be
annihilated. Therefore, in some algorithms, the diagonal ele-
ments, are sorted by the choosing of orthogonal transformation
matrices and elements to be annihilated [4], [10], [20].

In this paper, we propose a Jacobi-like algorithm, which

DOI: http://dx.doi.org/10.24018/ejmath.2021.2.3.39
Published on July 14, 2021.

M. Turan is with the Ege University, Turkey.
(e-mail: meltem_xa@windowslive.com)

computes the Schur form of nonsymmetric square matrices
A, with the help of solvable directed graphs, over the real
field. The proposed algorithm was designed in two-stages:
Stagel and Stage2. To compute eigenvalues of A with solvable
directed graphs, the strategies for choosing the element to be
eliminated and the proper orthogonal transformation matrices
were determined separately for these stages.

Stagel is composed of reducing the matrix to nearly 2 x 2
upper block triangular form by a solvable directed graph. In
each step in Stagel, we choose an entry to be eliminated,
which has the property that the strictly lower triangular part
element has the largest magnitude and the sign of 2 x 2
subdeterminant is negative, i.e., strictly lower triangular ele-
ments whose one diagonal element corresponding to a positive
eigenvalue, and another diagonal element corresponding to a
negative eigenvalue of the original matrix A are annihilated.
Every step of the annihilation, we choose the orthogonal
transformation matrix as close as possible to identity and
which corresponds to the orthogonal transformation matrix
whose rotation parameter falls into [—3,—2] as much as
possible.

Stage2 consists of reducing the matrix that is obtained by the
result of Stagel to 2 x 2 partitioned form whose diagonal
blocks are upper triangular matrices whose diagonal elements
correspond to greater than or equal to zero and negative
eigenvalues of the original matrix A with the help of a solvable
directed graph. In each step in Stage2, we choose an entry to
be eliminated, which has the property that the strictly lower
triangular part element has the largest magnitude and the sign
of 2 x 2 subdeterminant is positive or 2 x 2 subdeterminant
equals to zero, i.e., strictly lower triangular elements whose
both diagonal elements corresponding same signed eigenvalues
of the original matrix A are annihilated. At every step of the
annihilation, we choose the transformation matrix as close as
possible to identity and which corresponds to the orthogonal
transformation matrix whose rotation parameter falls into [0, 1]
as much as possible. The matrix obtained by the result of
Stage2 is reduced in Stagel in the next cycle.

Stagel and Stage2 have been alternatively applied until reduc-
ing the matrix A to the upper triangular form. So, processing
in this manner eigenvalues of the matrix A are computed by
the help of solvable directed graphs.

The remainder of the paper is organized as follows: the con-
nection between the annihilation process and directed graphs
is given in Section 2. In Section 3 the algorithm for calculating
eigenvalues is described. We give some numerical experiments
in Section 4. The conclusions are given in Section 5.



II. GRAPH THEORETICAL APPROACH TO THE ALGORITHM

The algorithm was built based on some definitions in graph
theory. So it would be useful to give some necessary basic
graph theory definitions. We consider only finite directed
graphs.

Definition 2.1: A directed graph (digraph) is a pair D =
(V,E), where V is a set of vertices and E C V x V is a
binary relation representing the directed edges of D [19].
For a vertex « € D, we denote E(x) = {y € D|E(x,y)} the
set successors of .

Definition 2.2: Let D = (V, E) be a directed graph. A subset
of vertices K is a kernel of D when:

o K is stable: it contains no pair of adjacent vertices

« K is absorbing: every vertex v ¢ K has a successor in /C,

ie., V ¢ K, there is a vertex k € K such that (v, k) € D

[22].
A digraph possessing a kernel is called solvable [17].
Now, we associate (2) with Definition 2.1. Each Q,4; in
(2) is calculated by annihilating an element of strictly lower
triangular part of A,.
Let the indices of the elements annihilated after performing r
steps be

(jlail)v(.j2ai2)7"'7(.jrair)- (3)

Here, each step of (2) makes an element of strictly lower
triangular part of A, zero, and computation to do this can
destroy pairs of zeros already created. So, let consider any
distinct points

(l<=r) “4)

in the plane, which we shall call vertex. For every se-
quential annihilation, we connect the vertex P(jm,im) to
the vertex P, .., ,.,) by means of a directed edge
Blimsim) Plims1,imya) direct from Pp ) 0 Py imy)-
In this way, the annihilation process can be associated with
a finite directed graph G(A,1) = D(E,V).

To reduce a (n xn) nonsymmetric matrix by means of solvable
finite directed graphs the elements to be annihilated and
orthogonal transformation matrices are chosen strategically at
each cycle of Stagel and Stage2 of the D-NJLA.

The key problem is how to choose the elements to be elimi-
nated and orthogonal matrices during the computation. These
are the main topic that we discuss in the next section.

P inys Plasin)s - - - Plivin)

III. COMPUTATION OF EIGENVALUES OF A SQUARE
NONSYMMETRIC MATRIX BY D-NJLA ALGORITHM

In this section, a Jacobi-like algorithm (which we call D-
NJLA) is proposed. Before depict D-NJLA, we first give a
necessary definition of matrices.

Definition 3.1: Let a non-symmetric 7 X n matrix A be
divided into two blocks as follows:

Arn Aip
A 5
{Az 1 Az,z]

where, the size of block A171,A2)2,A172 and A271 is p X p,
n—pxn—p, pxn—pandn—p X p, respectively.
If [|Ag1||> = O(e), then A will be

A Aig
0 A272

&)

(6)
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nearly 2 x 2 block upper triangular.
If Ay =Uy,1 and Ay o = Uy o are upper triangular matrices,

then A will be
{ Ui Aip }

7
Azq Usp )

2 x 2 partitioned form [16].
In D-NJLA, at each cycle consist of two stages: Stagel and

Stage?2.
Let A = (a; ;) = A} be a nonsymmetric real n X n matrix.
In Stagel, a sequence of matrices Af, = (a; j’k), is obtained

by a convergent sequence of successive transformations of the
form :

k
Ar +1 —

—k—1
( r— +1)TAk r=+1 (Ag = Ar++1’ k > 2),
®)
where k > 1 is the cycle number, »— > 0 is the step number
in k-th cycle and Qf_ 41 1s an orthogonal matrix in k-th cycle

such that

) .
c —s
1
1= O
1
s c
L 1 -
1 3— 2y —y?
where ¢ = y+1 and s = #, with
0<y<l1 (10)
and
—3<y<-2 (11)

2
(10) and (11) correspond to [0, g] and [%, 7], respectively.

Case I: for Af, > 0, where Af,
(51), yields

is the discriminant of

26k /A
y=-1+ K- + 7
2557 Ak
Yo =—1- K’“ +
- (12)
208
ga = bt KE 2
207
va=—tm\ R
and
Case II: for A’j, = 0, yields
5t 2%
Y1 = -1 + Kk_ Y2 = —1 — Kk_ ) (13)
where KF_, LF_ and §,.- are given by (||4%_ [z,]]||2F -
2DF (i) = KR, (C5)? - (€)2 = LE and



K: Ik =4,
Case III: for Aff, < 0, the roots are out of the scope in our
modification.

It is detailed in Appendix A and Appendix B how the
orthogonal transformation matrix Q’:_ 41 and y roots are
obtained.

At the k-th cycle of Stagel, after performing r~ steps we
obtain AF_ 410 (Ab_ = Zﬁ:j_l) which is obtained at the
(k — 1)-th cycle after performing r steps and is in form like

(6).

On the other hand, in the Stage2 a sequence of matrices

—k + . .
A+ = (E; jk) 18 obtalned by a convergent sequence of
successive transformations of the form :

—k T —k k

Ar++1 = ( r++1) AT+Q7’++1 (AO - Ar +1) (14)

where k > 1 is the cycle number, 7+ > 0 is the step number
in k-th cycle and Q’Z 11 is an orthogonal matrix given by
(9) with (10) and (11). y is computed by (12) and (13), where
Kf+, L’:+ and §,+ are given by ||A i, H —2D’7f+ (1,7)) =
K ()2 — (€407 = I, and KE, — IF, = 4.

At the k: th cycle of StageZ after performing r* steps we

obtain AT++1 (A§+ = Ak_

; +1) which is in form like (7).

IV. CHOOSING THE ELEMENT TO BE ANNIHILATED AND
PROPER QﬁH MATRICES DURING THE COMPUTATION

The characteristic equation of a n x n matrix A = (a; ;) is,
in general, an equation of the nth degree polynomial as given

det(pul — A) = p"™ + e ™t + cop™ 24

15)
tepop+cn, =0.
If pq, po, ..., py are eigenvalues of A, we have
= aii =g+ p2t .t s (16)
i=1
where T'r(A) is the trace of A, and
D= i1 X ia X ... X fin, (17
where D is the determinant of A. Let S; = Tr(4), S; =
Tr(A)?,...,8, = Tr(A)". Then the coefficients
c1,Co,...,Cy Of the characteristic equation are
C1 = —Sl
1
co = —5(0151 + S2)
1
c3 = —g(CQSl + 152 + 53) (18)
1
Cp = _E(Cn_151 +cp_9So+ ...+ 18,1+ Sn)
Determinant of A can be calculated by
D = (—1)"cn, (19)

where c¢,, is given above [15].

From (19), the sign of D, which is the product of
eigenvalues of A, is related to the coefficients of the
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characteristic equation. Therefore, we use the sign of the
subdeterminant to choose the elements to be annihilated in
the Stagel and Stage2. So, before explaining the strategy of
choosing the element to be annihilated, we give the following
definition.

Definition 4.1: Let A is an (n X n) non-symmetric matrix,
D is the determinant of the matrix A and
S=1((1,2),(1,3),...,(1,n),(2,3),(2,4),...,(2,n),..., (n—
1,n)) be a finite sequence. Then a 2 x 2 submatrix of A
is a matrix obtained from A by retaining only the elements
belonging to rows with suffixes ¢,j columns with same
suffixes 4, j where (i,5) € S. A 2 X 2 submatrix of A will be
denoted by

@
Ali, j| = [ o w} (20)
-] Wji @
Also, determinant of the submatrix Az, j] is 2 x 2 subdeter-
minant that will be denoted by

ai;
D(i,j)=| ™ | =aia;; —aija; (21
aji g P
where ((¢,7) € S) [16].

(1) is D(i,§) > 0 or D(i, ) < 0.

The annihilation strategy and choosing proper orthogonal
transformation matrices of Stagel and Stage2 is as follows
with the help of Definition 4.1.

In the 7~ -th step of the k-th cycle of Stagel, while an-
nihilating the strict lower triangular elements A’j_, to every
r~, k there corresponds a pair (j*,i*) of two indices i* and
7% (satisfying 1 < 7* < j* < n) which are indices of strictly
lower triangular part element largest in magnitude and satisfy
D(i*, j*) <0
{max | o}, " | AD(i,j) <0, i<j<n} (22)

‘a’] 1* |_

From (12) and (13), there are at least two and at most four
ff 41 matrices that will be used to annihilate a . pre Also,
for Q’“,Jrl matrices there are 0 < y < 1 and —3 < y < —2

intervals (given by (10) and (11)). So, in order to annihilate
a;*ﬁ, one must choose from among the Q’j, 41 matrices.
The procedure used to find the proper Qf, 1 Matrices during

the Stagel computations is given as follows:

1) If 6*- >0

a) If Af_ is positive or zero then calculate Q’:_ 41
transformation matrices by using (12) or (13) roots.

b) Exclude both extraneous transformation matrices
and the transformation matrices which correspond
to the roots not fall into 0 <y < lor -3 <y <
—2 interval.

c) If the number of remaining roots is one then, the
transformation matrix which corresponds to this
root is used for annihilation.

d) If the number of remaining roots is two and fall
into same interval (0 <y < lor -3 <y < —2)



then, choose the transformation matrix that is the
closest identity.

e) If the number of remaining roots is two and fall
into different interval then, choose the transfor-
mation matrix corresponding to the root falling in
—3 <y < —2 interval.

f) If Af, < 0 then, skip without annihilation in the
next steps because the roots are out of the scope.

2) If 6¥. < 0 then, skip without annihilation in the next

steps because the roots are complex numbers.

On the other hand, in the r*-th step of the k-th cycle of
Stage2 while annihilating the strict lower triangular elements
of AT+, to every rT, k there corresponds a pair (j**,i**) of
two indices ¢** and ]** (satistying 1 < ¢** < 7** < n) which
are indices of strictly lower triangular part element largest in
magnitude and satisfy D(i**, j**) > 0

_rtk
j** 7**
K

(23)

= {max | @},* | AD(i,j) > 0,i < j < n}.

Again we can say here, from (12) and (13), there are at least
two and at most four Q’:+ 4 matrices that will be used to

annihilate E;L’kz**. Also, for the QF, 41 mMatrices there are
0<y<land -3<y < -2 1ntervals (given by (10) and
(11)). So, in order to annihilate @’
from among the QT+ 41 Matrices.
The procedure used to find the proper Qer 41 Matrices during
the Stage2 computations is the same except that

+k
j#< jexs ONE MuUSt choose

o If the number of remaining roots is two and fall into
different interval then, choose the transformation matrix
corresponding to the root falling in 0 <y < 1.

, (le)-th
([ A%l = 2Dk ) = Kk (G2 = (€00 = Ik
K* —LF, =6,

item is used instead of item and

Corollary 1: At the end of each of the Stagel and Stage2
of the D-NJLA, the matrix forms obtained are similar to (5)
and (7), respectively, since the eigenvalues are not arranged
with the same signs consecutively on the diagonal. Stagel and
Stage2 continue sequentially until the matrix A is reduced to
the upper triangular form.

Corollary 2: Each of the Stagel and Stage2 of the D-
NJLA produce zero blocks and a solvable directed graph
whose vertices are indices of elements to be annihilated, and
consecutive computation of Stagel and Stage2 can destroy
zero blocks already created. But, as the iteration progress
of Stagel and Stage2, of f(A*_) and of f(A,+) decrease,
leaving approximations to the eigenvalues on the diagonal,

where off(Af,) = \/m and of (A4, ) =

n —rtk
\/ > s @y 7).

The basic structure of D-NJLA is sketched in Algorithm IV.
In this algorithm the value of k is equal to the number of
cycles and, the values of H and H; show the indices of the
elements that were skipped without being annihilated in the
k-th cycle of the Stagel and Stage2, respectively. The Erocess

stops if the value of offnorm which equals to of f(A,+) for
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k > 2 is constant.

Algorithm 1. Finding eigenvalues of a real nonsymmetric n X n matrix with

D-NJLA ) .
mput : A n x n real nonsymmetric matrix A

output: An upper triangular matrix whose diagonal elements
are eigenvalues of the matrix A

Begin
€ = eps,
k=0
of fnorm(0) = 0,
of fnorm(1) = /3%, i<, a7 ;
while of fnorm(k) # of fnorm(k + 1) do
k=k+1, r—,rt =0, HH <0
if £ > 1 then
—k
‘ Al(g = Ar++1
mazxof f(AK) =1 // initial value
2 while mazof f(AF_) = max;; | agzk |> € do
r-=r_ +1
M<+— 0
Find (j*,7*) according to the (22) such that
G0 ¢ H
[ az*yj’-li,
Cf, = a;:,’ilf,
k _ Tk r Lk
O = Qju e — Qs i
K’“ = (||A7-li. HF—2D’“ (i:):
= (6)* = (&-)%
(5 - = Kk — LT
16
ko §F )2 _ 4(ek )2
T (Kk,)Q(( r ) (gr ) )

if 0¥ >0 and (A*_ > 0 or A% = 0) then
compute Q,’j, 4, transformations by (12) or
(13) and find M by extracting both extraneous
transformations and those corresponding to y
roots not fall into (10) or (11) among them
if |[M| =1 then
use Q’:, 41 Which corresponds to this root
if |[M| = 2 then
if both roots fall into (10) or (11) then
l use fo, 41 Which is close to identity
i

.. matrix )
one root falls into (10) and the other falls

into (11) then

use Qf, 41 Which corresponds y root
falls into (11)
if (|M|=0or 6" <0)or A*_ <0 then
skip without annihilation
H+— HU {gg
A:f +1 (Qr +1 A Qr +1
con51der all a (i # j)as zeroif | a;

Off( = +1)

k |< eps

end

end



AO—AT "
mazoff(A,+) =1

while mazof f(A,+) = max;~; | E;;’k
rt=rt 41,

M<+—0

Find (j**,4**) according to the (22) such that

(777,4) ¢

|> € do

_rtT.k
£r+ = e s
k 77r+,k
ot = W s
k _rTk 77‘+,k

—k .. .
K% = (@8 )| - 205 6.,
LI;Jr = ( f+)2 - ( f+)2, O+ = Kf+ - LI:+
Bk = ey (08— 4(eh )
if 6%, >0 and (A*, >0 or AF, =0) then
compute Qfﬁ 41 transformations by (12) or
(13) and find M by extracting both extraneous

transformations and those corresponding to y
roots not fall into (10) or (11) among them

if |M| =1 then
‘ use fo+ 1 Which corresponds to this root
if |[M| = 2 then

if both roots fall into (10) or (11) then
L use Q’:Jr 41 Which corresponds to be
close to identity
if one root falls into (10) and the other falls
into (11) then
use Qf+ 41 Which corresponds y root

falls into (10)

if (|M| =0 or 6F, <0)or AF, <0 then
skip without annihilation

Hy +— HU{(™, i)}

Zr++1 = (Qr++1) 7T+Qr++1
consider all @; * (i # j) as zero if | a; al v |< eps
Off( 7‘++1)

| of fnorm(k+1) = of f(A}+ )

V. ASYMPTOTIC QUADRATIC CONVERGENCE OF THE
D-NJLA

The proof of asymptotic quadratic convergence of the
classic symmetric Jacobi method uses monotonicity of the
offnorm, i.e., offnorm converges to a limit [14], [23], [24]. For
the nonsymmetric case, the offnorm is no longer monotone.
So, the possible changes in the moduli of entries in the strictly
lower triangular part of the matrix in a single step of k-th
cycle of Stagel will be investigated in detail. Let A*_ be the

starting matrix, A¥. = (aU *) be the matrix obtained after
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performing r~ step of k-th cycle of the Stagel. Additionally,

we denote
: e
& = max |aj; " |
ij=1l.n
ko ~k
G- = Zgl;gxnl az;" |
of = min | aj R gl ok
" iy I (24)
K =min | (0% = a2 4 () 4+ a2
e ~k
Ly- = max | (aj;")* = (ai;")" |

Sk = (KF. —LF)

such that 2 x 2 subdeterminant is negative. Here, ff, is the
modulus of the largest element in modulus of Aff, such that
2 x 2 subdeterminant is negative. The modulus of the largest
element in modulus of the strictly lower triangular part of A’:,
is f_ such that 2 x 2 subdeterminant is negative. The smallest
distance between to two diagonal elements of the matrix A,’:,
is fo, such that 2 x 2 subdeterminant is negative. And, the
minimum difference between the K*_ and L*_ values of the
matrix Aff, is 6f, such that 2 x 2 subdeterminant is negative.
In the following, let »— be fixed and suppose we have

(G)?
-)?
Assume that the (j*,i*)-element of A*_ is the pivot element

of the current ((r~ + 1)st) step of k-th cycle of Stagel. We
compute the orthogonal matrix

k
§F. >0 and PR ( <1 (25)

y+1 V32—
_ 2 2 26
@ V3 =2y —y? y+1 (26)

2 2
that satisfies
r— .k r—k r~+1,k r~ 41,k
T a/i*i* a/l* * _ aZ*Z* al* ¥k

Q [af_,k a’ K k] Q - [ 0 r_]+1,k‘| ’ @7

that is as close as possible to identity among all matrices
satisfying (27) and which corresponds to the rotation matrix
whose rotation angle falls into [—3, —2] as much as possible.

V3—2y—y?

To obtain an upper bound for the modulus of ~———F——,
we will use the following lemma, that is similar to Theorem

V.2.1 in [11].
Lemma 1: Let A € IR such that
_|a &

<2

where 4—2- <1, K = || A[1, 2|12 — 2D(1,2), L = ¢ — €2,
(K —L)=20>0and D(1,2) < 0. Then there exist a unique
eigenvector v of A satisfying

v= {1] and |p|
p

_ VX

29
7 (29)



V3—2y—y?

Using this lemma and (25), we find that | 5

Vack

Using the above lemma and the following theorem, we will
show that k-th cycle of the Stagel is quadratically convergent.

Theorem 1: Let A = (a;;) = A}_ € R™", and let AF_ =
(a:’j_ **) denote the matrix that is obtained form Zﬁ; ' = Al
k>2 Gf k=1, Ag_ = A) after perfoming r~ Stagel steps
of D-NJLA. Let ¢%_ and (’/j, be the largest modulus of an
element in the strictly lower triangular part of Af_ and A%
that is obtained from A’g_ after having completed p~ sweeps

such that 2 x 2 subdeterminant is negative, i.e.,

| <

YR = |at; M uT e NU{0}

max
i<j<n

(30)

and let ¢ and ¢/ be the largest modulus of an element in

—k—1
ko_ ko
AO, =A,+ and A,r i.e.,

¢ = max [afy V|~ e NU{0}

3,J<n

€29

such that 2 x 2 subdeterminant is negative. Morover, set N =
ning, where ni and ny are the number of negative and positive
signed eigenvalues of A, respectively and

1. L,
VE:HAHFa Qlizimln|a'ii_ajj|7(z7éj)7

KE = mn [(ai; — aj;)? + (aij + aji)?],

. 1
LY = max|aj; — ], oL = S(KE - L),

\/Z/ﬁ N+1 (32)
k _ ok
¢— - 2#}0* (1 + \/E > 9
V2 \ VY
k= oyl (1 + > .
1/1 wo \/E
If 6* > 0 and if 1/}’0“, is sufficiently small such that
KF@k)?2 1
o2 1
(\/i(wﬁ)Q k A(yF)? k V2 E) 957
+v +v < =
\/E L - \/E - 2N
V2(pk )2 4(yF)? V2yr
(21/5( R A _>
o TE T
V2(hk )2 kN2 V2uk \ 2 (33)
(LR 008, BN

NG

2(ypF ) ek Sy
+ < =
5k v_y- AN’

V2N <1 N Vovk

NN

)(wE)Q < YE-
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then for all 4~ € INU {0}, we have that

ﬁ(um

N

2N+1
Wi <N ) o e

i.e., k-th cycle of the Stagel of D-NJLA sweep converges
quadratically over the number of sweeps.

Similarly, it can be said k-th cycle of the Stage2 of D-NJLA
sweep converges quadratically over the number of sweeps.
So, we can say cycles of the Stagel and Stage2 converge
quadratically, i.e., the D-NJLA converges quadratically.

a) Complexity of D-NJLA: D-NJLA calculates the eigen-
values of nonsymmetric matrices with solvable directed
graphs. At each step of the Stage 1 of the D-NJLA, an entry,
which has the property that the strictly lower triangular part
element has the largest magnitude and the sign of 2 x 2
subdeterminant is negative, is chosen. At each step of the
Stage2, an entry, which has the property that the strictly lower
triangular part element has the largest magnitude and the
sign of 2 x 2 subdeterminant is zero or positive, is chosen.

-1
Therefore, n(n ) elements must be compared in each step
of both Stage1 and Stage2. So, D-NJLA’s complexity is O(n?).

VI. EXPERIMENTAL RESULTS

We implemented the D-NJLA in MATLAB and run it on an
Intel Core i7 processor (2.7 GHz) computer. An off-diagonal
element a; ; is considered zero if | a;; |< eps, where eps
is a machine dependent constant. As a stopping criteria we

used of f(A) = /> j<n aF ; = constant.

We illustrate the D-NJLA with the following numerical
examples. We give the effective” number of sweeps of
the Stage 1 in k-th cycle, that is the number of rotations
divided by mnins. “Effective” number of sweeps of the

Sta%e 2 in k-th cycle is the number of rotations divided by
-1 -1
i ) 4 na(n2 ) Here, nq1 and ny are the number

of negative and positive signed eigenvalues of the given
matrix, respectively.

We take matrices from [2], which are 7 x 7 *Grund/bl_ss’,
9 x 9 ’vanHeukelum/cage4’, 102 x 102 *MathWorks/pivtol’,
135 %135 ’Rajat/rajat11’ and 216 x 216 ’Fidap/ex1’ and reduce
them to upper triangular form.
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Fig. 1. Convergence behaviour of the Stage 2 of the D-NJLA for 102 x 102
’MathWorks/pivtol’

Fig. 1 displays the typical convergence behaviour of the
Stagel of the D-NJLA for 102 x 102 ’MathWorks/pivtol’.
Since all eigenvalues of "MathWorks/pivtol’ are positive real
numbers, "MathWorks/pivtol” was reduced in the Stage2 of the
D-NJLA.
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10°
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Fig. 2. Convergence behaviour of the Stage 1 and Stage 2 of the D-NJLA
for 135 x 135 ’Rajat/rajatl1’

Fig. 2 displays the typical convergence behaviour of the
Stagel and Stage2 of the D-NJLA for 135 x 135 ’Ra-
jat/rajatl1’. Since 'Rajat/rajatl 1’ have both positive and neg-
ative real eigenvalues, 'Rajat/rajatll’ was reduced in both
Stagel and Stage2 of the D-NJLA.
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Fig. 3. Convergence behaviour of the Stage 1 and Stage 2 of the D-NJLA
for 216 x 216 'Fidap/ex1’

Finally, we illustrate the typical convergence behaviour
of the Stagel and Stage2 of the D-NJLA for 216 x 216
"Fidap/ex1’, see Fig. 3. 216 x 216 ’Fidap/ex1’, which have
both positive and negative real eigenvalues, was reduced in
both Stagel and Stage2 of the D-NJLA.

The matrices given as an example above have a large
number of very close eigenvalues. Therefore, as the number of
steps increases in Stage2, o,+ increases (i.e, J,+ decreases)

\ﬁ \/EV_IT_ 2N+1 .
— ( 1 ) increases
Vo %
considerably. Thus, the rate of convergence is expected to
slow down significantly. But, as can be seen from Fig. 2 and

Fig. 3, no significant slowdown in the convergence rate in the
Stage2 was observed.

considerably, so N

In all figures, no stationary phase was observed in both
the Stagel and Stage2. As expected, it can be observed
mazof f(A) decreases over the number of sweeps of the
Stagel and Stage2. As predicted by the theory, the conver-
gence rate of the Stagel and Stage2 becomes asymptotically
quadratic.

Also, we take matrices, some of whose eigenvalues are
complex and whose the number of eigenvectors is less than
the order of the taken matrix. These matrices are reduced
nearly upper triangular form by D-NJLA and the algorithm
converges linearly for this type of matrices because the roots
have not been taken into consideration for Af, < 0 and
A’ﬁ < 0. Additionally, the matrices, which have a zero
eigenvalue are reduced upper triangular form by the D-NJLA
and the convergence behaviour of the D-NJLA is asymptotic



quadratic and no stationary phase is observed.

VII. CONCLUSIONS

In this paper, we have presented the details of D-NJLA,
which is a Jacobi-like algorithm. Moreover, we also present
numerical experiments with the D-NJLA, that is applied to
some examples of real nonsymmetric matrices to reduce them
to upper triangular matrices. As seen the given examples, the
convergence behavior of the D-NJLA is asymptotic quadratic
and no stationary phase is observed, although the matrices
given as an example have a large number of very close
eigenvalues.

Still, while we encouraged that the D-NJLA works as it
does, there are many questions unanswered. Firstly, a proof of
global convergence is still not provided. The D-NJLA is not
adapted for matrices with complex eigenvalues. Therefore, the
cases of A’:_ < 0 and Af+ < 0 or the equivalences of (37)
and (38) should be take into consideration. So, the algorithm
can be adapted for this type matrices. Also, considering the
matching between the independence set of graphs and groups
[1], a group theory approach can be made to the algorithm.

APPENDIX A
ORTHOGONAL TRANSFORMATION MATRIX

The corresponding (n xn) orthogonal transformation matrix
k, analogous to the rotation of an axis in the (j,4) plane may

be given by:

cos —sind

(35)

sin 6 cos 0

1

which corresponds to the transformation matrix of the Jacobi
method [3]. For more details on the variance of the transfor-
mation matrix see [21].

When A is a nonsymmetric matrix, the angle between some
eigenvectors can be quite small. In this case, as stated above,
the numerical computation of the angle €, which depends on
angles between eigenvectors, can be more delicate [8].

To overcome this problem, we expressed cos # and sin 6 with
quadratic polynomials as explained below and the rotation
parameter \? corresponding to the rotation angle 6 was taken
in the following intervals.

The characteristic equation of (35) is given by:

det(R, — XI) = (1 = XN)""2(A\2 —=2\cosf +1) =0. (36)

To compute the eigenvalues of (36), we set either (1—X)"~2 or
(A2 —2X\cosf+1). To avoid complex operations, we consider
(A2 — 2\ cosf + 1), hence the rotation angle may be written
in terms of )\ parameter as:

N +1

0= .
cos o

(37)
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In this case, substituting (37) to sinf = +/1 — cos?0, we

obtain
| A2 -1 | .

2[AT "
which is a complex number. To determine the real interval for
0, without taking X in the denominator of (37) we use

sinf = + (38)

241 /3902 _ M
cos9:/\2+ ,sm@z%“, (39)

which determines rotation angle 6 of transformation matrix
in terms of the A2 parameter is obtained. Hence, for new
transformation matrix, we have:

1
C —S
1
Qr = . 7 (40)
1
s ¢
. 1_
1 V3 2y — 2

where y = A2, ¢ = y+1 and s = Y22V V So, the

angle 0 is chosen for appropriate the y parameter, thus, we
have

0<y<l (41)

and

3<y< -2 42)

For example, the interval 0 < y < 1 corresponds to the interval
T . .
0 < 6 < — for the rotation angle €, and the second interval

corresponds to 2% <0<m.

APPENDIX B
CALCULATION OF THE ROTATION PARAMETER ¥y

Let (a;iC ) be any element to be annihilated in Stagel or
Stage2 such that r is any step number in k-th cycle.
The element (agf) is annihilated by a new similarity trans-
formation matrix Q¥ 1. This annihilation affects the entries in
rows and columns j and ¢ only. The modified a;jl’k element
is given by:

ek grk ek ¥ LV3 22—yt
Jyi 3.J i) g 2 43)
ek HD? k(B -2y —¢?)
%i 4 @i, 4 :
The y parameter is chosen to annihilate agjl’k element. So,
we obtain a corresponding equation for the y parameter
r.k r,k (y+1)\/3_2y_y2 r,k (y+1)2
(a5 — ail;) 4 T
A (44)
Gy =

for nonsymmetric matrices.

Hence, the transformation matrix QF 11 will be determined
in terms of the solutions for y of (44). Equation (44) can be
solved as follows;



First, we rewrite (44) as:

Fly+1)V3—2y —y2 =¢€F B3 -2y —y?)—

45
Gy,
where
(a7 —apy) = ofapy =€ aif = CF, 46)
then by squaring (45) we have
((0)” + (€)% + (€ + 267 ¢H)y" + 4((0F)*+
(€)% + (G + 207¢H)y° + (2(0F)° + 6(6F)*—
2 k w2 47D
2(65)% +4E5CH )Y + (86 CH +4(¢H)? —12(68)% -
4(00)")y + ((6F)? = 6677 +9(&7)* = 3¢)* = 0
and
(14515, 31[15. — 2D, ) + 4 AR 31| —
2DE G, 1)y + (2| AL 1|5, — 2Dk G, )+
UG =@+ BE =~ (G~ o
(]| Ak, 5 ||i — 2Dk(i, )y + 4((€})* -
(¢)?) = 3(| AX[i, 41| 7 — 2Dk (i, )+
16(¢7)% =0,
where
(0F)? + 247 al ¥ + (€h)? + c“zﬂA’“z'jHi, o)
fk Tk rk Dk(l ])
and D¥ (i, 7) is defined by Definition 4.1.
Letting y = z — 1, (48) simplifies to
Apa( GO ey
(1A%, )l — 2D (4, 5))
¢ (50
(&) i,
(1A, )7 — 2Dk (i, 5)
and letting 22 = t, (50) simplifies to
Ly (&
24+ 4(1 - Kf)t+16 KT) =0, (51)
where
HA’:[z',j}HF—w (i,j) = K¥ and
(52)
(¢ = (&)?

Solving (51) for ¢ and using the change of variables in reverse
the eigenvalues of (44), thus, we obtain Case I, Case II and

Case IIT ,where 6 = KF — L¥ and AF =
A(EF)PKY).
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