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	 ABSTRACT 
	










	
On the Kummer surface, we have obtained two different Gauss metrices by parametrizing it in two ways. We have found that these Gauss metrices are not Ricci flat. The double sphere, which is the special case of the Kummer surface, has the Kähler metric and the first Chern class of it does not vanish. Its metric is the Einstein metric which is not Ricci flat.


	
Submitted: December 12, 2024

Published: February 17, 2025

[image: images]10.24018/ejmath.2025.6.1.388

1Osaka Institute of Technology, Japan.
2Tezukayama University, Japan.
3Bukkyo University, Japan.

*Corresponding Author: 
 e-mail: shigemot@tezukayama-u.ac.jp





Keywords: Double sphere, Gauss metric, Kummer surface.




1. Introduction

The research on the Kummer surface has a long history [1]. Fresnel found the equation that determines a speed of light travels in biaxial crystal in 1822 [2], which was noticed later to be the special case of the Kummer surface. The equation he discovered can be rewritten as a quartic equation concerning (x,y,z):

(x2+y2+z2)(a2x2+b2y2+c2z2)−{a2(b2+c2)x2+b2(c2+a2)y2+c2(a2+b2)z2}+a2b2c2=0.(1)

In 1864, Kummer found an interesting quartic surface, which has a very high symmetry and has the interesting structure of the singularities. This Kummer surface has 16 nodes and 16 trope-conics and these form the interesting structure, which we call 166 structure. Each node lies on six trope-conics and each trope-conics contains six nodes [3].

For given manifolds/varieties, we can assign several metrices. As an example, consider a surface represented by x2+y2−z2=−1 and parametrize it in the form x=sinh⁡ucos⁡v, y=sinh⁡usin⁡v, z=cosh⁡u. This surface can be considered to be AdS2 by identifying z=t(=time). The metric for this surface is

ds2=dx2+dy2−dt2=du2+sinh2⁡udv2.

On the other hand, this surface can also be considered to be a hyperboloid of two sheets. The metric in this case is

ds2=dx2+dy2+dz2=(cosh2⁡u+sinh2⁡u)du2+sinh2⁡udv2.

For the Kummer surface, a similar situation happens. In the complex differential geometry, the Kummer surface is the special case of the K3 manifolds. They are two dimensional complex manifolds which have Kähler metric with vanishing both a first Chern class c1 and a Hodge number h0,1. The metric of the Kummer surface becomes Ricci flat according to the Calabi-Yau theory [4]–[6].

While, the original Kummer surface, Fresnel’s wave surface (1) is one of the examples, is not defined as a complex manifold. Then it is not guaranteed to have the Kähler metric. Instead, we have calculated Gauss metric on the original Kummer surface, which is a non-linear space defined by a quartic relation. Gauss metric seems to be the systematic metric.

In this paper, we have defined the Gauss metric by two different parametrizations for the Kummer surface, and have found that the Gauss metric is not Ricci flat. We also discuss the special case, that is, the double sphere and the metric becomes the Einstein metric which is not Ricci flat.

2. Gauss Metric on the Kummer Surface

2.1. Kummer Surface

First, we summarize briefly the Kummer surface coordinated by the genus two hyperelliptic ℘ function according to Baker’s book [7].

We denote

℘ij=−∂2∂ui∂ujlog⁡σ(u1,u2),℘ijkℓ=∂2∂uk∂uℓ℘ij.(2)

These quantities satisfy the following differential equations [7], [8],

1) ℘2222−6℘222−4℘21−λ4℘22−12λ3=0,(3)

2) ℘2221−6℘22℘21+2℘11−λ4℘21=0,(4)

3) ℘2211−4℘212−2℘22℘11−12λ3℘21=0,(5)

4) ℘2111−6℘21℘11−λ2℘21+12λ1℘22+λ0=0,(6)

5) ℘1111−6℘112−λ2℘11−λ1℘21+3λ0℘22−18λ3λ1+12λ4λ0=0.(7)

Here λ0,…,λ4 are coefficients included in a genus two hyperelliptic curve

y2=f5(x)=4x5+λ4x4+λ3x3+λ2x2+λ1x+λ0.(8)

We have four consistency conditions

∂2℘1111=∂1℘2111,∂2℘2111=∂1℘2211,∂2℘2211=∂1℘2221,∂2℘2221=∂1℘2222.

These equations are written as follows

(−λ0−λ122℘11−2℘21−λ12−λ2−4℘11−λ32+2℘212℘222℘11−λ32+2℘21−λ4−4℘222−2℘21−2℘2220)(℘222℘221℘211℘111)=K(℘222℘221℘211℘111)=0.(9)

A condition in which ℘222=∂2℘22, ℘221=∂2℘21=∂1℘22, ℘211=∂2℘11=∂1℘21 and ℘111=∂1℘11 have a non-trivial solution, is detK=0. Rewrite X=℘22, Y=℘21 and Z=℘11. By taking λ4,λ3,λ2,λ1,λ0 to be real, (X,Y,Z) gives the real quartic surface in three dimensional Euclidean space in the form

detK=|−λ0−λ122Z−2Y−λ12−λ2−4X−λ32+2Y2X2Z−λ32+2Y−λ4−4X2−2Y−2X20|=0.(10)

This surface is called the Kummer surface [8].

In the following, symbols u=u1 and v=u2 are used. X, Y and Z are expressed by using σ function and its derivatives as

X=℘22(u,v)=σ22−σσ22σ2,(11)

Y=℘21(u,v)=σ2σ1−σσ21σ2,(12)

Z=℘11(u,v)=σ12−σσ11σ2.(13)

There are various solutions for (3)–(7) [9]. In this note, we adopt the following power series expansion of σ function with respect to u and v of the form [7].

σ(u,v)=u+σ(3)(u,v)+σ(5)(u,v)+σ(7)(u,v)+σ(9)(u,v)+⋯,(14)

whereσ(3)(u,v)=λ224u3−13v3,(15)

σ(5)(u,v)=−15!((λ0λ42−λ1λ38−λ2216)u5+10λ0u4v+5λ1u3v2+5λ2u2v3+52λ3uv4+2λ4v5),⋯.(16)

An explicit expression for σ(7) is given in Appendix A. We must notice that all terms contained in σ(i) (i≥5) include some of λj (j=0,…,4).

By this power series solution, the Kummer surface (10) is parametrized by two real parameters (u,v). We have calculated detK order by order of σ in (14). As a result, the following were found

i) For σ=u+σ(3), σ8detK=0 up to 5-th order,(17)

ii) For σ=u+σ(3)+σ(5), σ8detK=0 up to 7-th order,(18)

iii) For σ=u+σ(3)+σ(5)+σ(7), σ8detK=0 up to 9-th order.(19)

2.2. Gauss Metric on the Kummer Surface

By using the method of Gauss, we define the metric on the Kummer surface through the first fundamental form [10]. We denote the Kummer surface as S(u,v)=(X(u,v),Y(u,v),Z(u,v)), and define

∂1S=∂uS=(∂uX,∂uY,∂uZ)=(℘221,℘211,℘111),(20)

∂2S=∂vS=(∂vX,∂vY,∂vZ)=(℘222,℘221,℘211).(21)

Here ℘ijk’s are expressed as

℘222=−1σ3(σ2σ222−3σσ2σ22+2σ23),(22)

℘221=−1σ3(σ2σ221−σ(σ22σ1+2σ21σ2)+2σ22σ1),(23)

℘211=−1σ3(σ2σ211−σ(2σ21σ1+σ11σ2)+2σ2σ12),(24)

℘111=−1σ3(σ2σ111−3σσ1σ11+2σ13).(25)

Then Gauss metric is defined as

ds2=∂uS⋅∂uSdu2+2∂uS⋅∂vSdudv+∂vS⋅∂vSdv2=g11du2+2g12dudv+g22dv2,(26)

which gives

g11=℘2212+℘2112+℘1112,(27)

g12=g21=℘222℘221+℘221℘211+℘211℘111,(28)

g22=℘2222+℘2212+℘2112.(29)

By using the power series solution, gij’s and detg are given as

g11=4σ6(1+u2v2+v4+43uv5+49v8+λi dependent terms)≡g^11σ6, g12=−4σ6(v2+u3v+uv3+3u2v4+23v6+53uv7+227v10+λi dependent terms)≡g^12σ6,g22=4σ6(u4+u2v2+v4+143u3v3+43uv5+173u2v6+49v8+1427uv9+181v124σ12(+λi dependent terms12)≡g^22σ6,detg=16σ12(u4+u2v2+83u3v3−23uv5+23u2v6+19v8−4027uv9+u2v10+2581v12 16σ12(−23uv13+19v16+λi dependent terms12)≡D^σ12,

and gij’s are found as follows

g11=g22detg=g^22σ6D^,(30)

g12=g21=−g12detg=−g^12σ6D^,(31)

g22=g11detg=g^11σ6D^.(32)

In the standard way, we calculate

Γλμν=12gλσ(∂μgσν+∂νgμσ−∂σgμν),(33)

Rαβμν=∂μΓαβν−∂νΓαβμ+ΓατμΓτβν−ΓατνΓτβμ,(34)

Rμν=Rαμαν.(35)

We denote components of Ricci tensor in the form

R11=R^11σ2D^2,R12=R^12σ2D^2,R22=R^22σ2D^2.(36)

Then R^ij’s become infinite power series. The lowest order of R^11, R^12 and R^22 are 10, 12 and 14, respectively.

The λi(i=0,…,4) independent lowest terms of R^11, R^12 and R^22 are

λi independent lowest terms of R^11=−210u5v5,(37)

λi independent lowest terms of R^12=−210u5v7,(38)

λi independent lowest terms of R^22=−210u5v5(u4+u2v2+v4).(39)

We cannot eliminate these terms by adding higher λi(i=0,…,4) dependent terms. Indeed, we have checked that these terms are unchanged even if we take i) σ=u+σ(3), ii) σ=u+σ(3)+σ(5), iii) σ=u+σ(3)+σ(5)+σ(7).

2.3. Another Gauss Metric on the Kummer Surface

In connection with the Jacobi’s inversion problem, we have another parametrization of the Kummer surface [11].

By using the relations,

∫x1dxf5(x)+∫x2dxf5(x)=u,∫x1xdxf5(x)+∫x2xdxf5(x)=v,

where f5(x) is given in (8), we express the symmetric combination of x1,x2 as the function of u,v, which is the inversion problem of expressing u,v as the function of x1,x2. Then genus two hyperelliptic ℘ functions are expressed as the symmetric function of x1,x2.

Thus we obtain

X=℘22=x1+x2,Y=℘21=−x1x2,Z=℘11=F(x1,x2)−2y1y24(x1−x2)2,(40)

F(x1,x2)=4x12x22(x1+x2)+2λ4x12x22+λ3x1x2(x1+x2)+2λ2x1x2+λ1(x1+x2)+2λ0,(41)

yi2=f5(xi)=4xi5+λ4xi4+λ3xi3+λ2xi2+λ1xi+λ0, (i=1,2),(42)

We have checked that these X, Y and Z satisfy (10).

We define the vector

S(x1,x2)=(X(x1,x2),Y(x1,x2),Z(x1,x2))=(x1+x2,−x1x2,Z(x1,x2)),

and

∂S(x1,x2)∂x1=(1,−x2,∂Z(x1,x2)∂x1),∂S(x1,x2)∂x2=(1,−x1,∂Z(x1,x2)∂x2).(43)

Then Gauss metric is defined as

ds2=∂S∂x1⋅∂S∂x1dx12+2∂S∂x1⋅∂S∂x2dx1dx2+∂S∂x2⋅∂S∂x2dx22  =g11(x1,x2)dx12+2g12(x1,x2)dx1dx2+g22(x1,x2)dx22,(44)

which gives

g11=1+x22+(∂Z∂x1)2,(45)

g12=g21=1+x1x2+∂Z∂x1∂Z∂x2,(46)

g22=1+x12+(∂Z∂x2)2.(47)

Here

∂Z∂x1=−F−2y1y22(x1−x2)3+14(x1−x2)2(∂F∂x1−y2y1(dy12dx1)),∂Z∂x2=−F−2y1y22(x1−x2)3+14(x1−x2)2(∂F∂x2−y1y2(dy22dx2)).

We have calculated Ricci tensors R11, R12 and R22. They are not equal to zero. The formulas are very complex and we avoid showing them in detail here. Instead, we show the special case where λ0≠0,λ1=λ2=λ3=λ4=0.

R11=N11/D11,R22=N22/D22,R12=N12/D12,

N11=4x25+λ0(−220⋅3⋅5x130x246+⋯)+4x15+λ0(220x127x249+⋯),D11=4x25+λ0(218x133x247+⋯)+4x15+λ0(−222x131x249+⋯),N22=4x25+λ0(−220⋅3x127x249+⋯)+4x15+λ0(218x124x252+⋯),D22=4x25+λ0(218x128x252+⋯)+4x15+λ0(−222x126x252+⋯),N12=4x15+λ04x25+λ0(−218⋅33x126x250+⋯)+221x128x253+⋯,D12=4x15+λ04x25+λ0(218x128x252+⋯)−224x131x254+⋯.(48)

2.4. Special Kummer Surface: Double Sphere

There is another way to represent the Kummer surface, which is the identity relation for the genus two hyperelliptic ϑ functions in the form [12], [13]

X4+Y4+Z4+T4+A(X2T2+Y2Z2)+B(Y2T2+Z2X2)+C(Z2T2+X2Y2)+2DXYZT=0,A=β4+γ4−α4−δ4α2δ2−β2γ2,B=γ4+α4−β4−δ4β2δ2−γ2α2,C=α4+β4−γ4−δ4γ2δ2−α2β2,D=αβγδ(2−A)(2−B)(2−C)(α2+β2+γ2+δ2)2.(49)

(X,Y,Z,T) is a homogenious coordinate of P3. If α=β=γ=1, δ=−3, then A=B=C=2, D=0 which gives

(X2+Y2+Z2+T2)2=0.(50)

By rewriting x=iX/T,y=iY/T,z=iZ/T, we obtain the double sphere as [14]

(x2+y2+z2−1)2=0.(51)

Equation (51) is also derived from Fresnel’s wave surface (1) by placing a=b=c=1.

The metric of this Kummer surface is nothing but the one of sphere x2+y2+z2−1=0. By using the spherical coordinate x=sin⁡θcos⁡ϕ,y=sin⁡θsin⁡ϕ,z=cos⁡θ, the metric of the sphere is given by

ds2=dθ2+sin2⁡θ dϕ2,(52)

which gives the Einstein metric Rij=gij with the constant scalar curvature R=2. Just as in the Riemann sphere, we can introduce the complex coordinate in the form ζ=(x+iy)/(1−z)=cot⁡(θ/2)eiϕ=u+iv. By using the Kähler potential Φ=4log⁡(1+ζζ¯), we can rewrite the metric to the Kähler metric form

ds2=∂2Φ∂ζ∂ζ¯dζdζ¯=4dζdζ¯(1+ζζ¯)2=4(du2+dv2)(1+u2+v2)2.(53)

Then the first Chern class c1 is calculated in the form

c1=iπ∫dζ∧dζ¯(1+ζζ¯)2=2.(54)

3. Summary and Discussion

We investigated the metric of Kummer surface (10) coordinated by the genus two hyperelliptic ℘ functions in two ways. In the first method, we used the expression of the genus two hyperelliptic ℘ functions with u and v as variables by solving differential equations (3)–(7), where the solution was represented as the power series of the σ function. In the second method, by using the idea of the Jacobi’s inversion problem, we used the expression of genus two hyperelliptic ℘ functions as the symmetric function of x1 and x2. We found that these Gauss metrices are not Ricci flat.

Next, we considered the metric on the double sphere, which is the special case of Kummer surface. By using the parametrization of the Riemann sphere, the metric of this double sphere can be written in the Kähler metric. The first Chern class of this Kähler metric does not vanish. This metric becomes the Einstein metric which is not Ricci flat.

Appendix A

The explicit expression of σ(7)(u,v)

σ(7)(u,v)=17!∑k=07Ck7hkukv7−k,(A1)

where

h0=−λ3−2λ42,(A2)

h1=−2λ2−12λ3λ4,(A3)

h2=−2λ1−12λ2λ4,(A4)

h3=−2λ0−18λ2λ3−12λ1λ4,(A5)

h4=−14λ1λ3−λ0λ4−18λ22,(A6)

h5=−32λ0λ3−14λ1λ2,(A7)

h6=−112λ0λ2+λ12,(A8)

h7=164λ23+332λ1λ2λ3−158λ0λ2λ4−12λ0λ1+38λ0λ32+38λ12λ4,(A9)
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