European Journal of Mathematics and Statistics
Vol 5| Issue 6 | November 2024
ISSN 2736-5484

RESEARCH ARTICLE

CrossMark

A Quadratic Curve Analogue of the
Taniyama-Shimura Conjecture

Masahito Hayashi', Kazuyasu Shigemoto™, and Takuya Tsukioka’

ABSTRACT

For quadratic curves over finite fileds, the number of solutions, which is Submitted: September 24, 2024
governed by an analogue of the Mordell-Weil group, is expressed with
the Legendre symbol of a coefficient of quadratic curves. Focusing on the
number of solutions, a quadratic curve analogue of the modular form in the d
Taniyama-Shimura conjecture is proposed. This modular form yields the
Gaussian sum and also possesses some modular transformation structure.

Published: November 13, 2024

10.24018/ejmath.2024.5.6.378

I Osaka Institute of Technology, Japan.
2 Tezukayama University, Japan.
Keywords: Analogue of the modular form, analogue of the Taniyama- 3 Bukkyo University, Japan.
Shimura conjecture, generalized Gaussian sum.

* Corresponding Author:
e-mail: shigemot@tezukayama-u.ac.jp

1. INTRODUCTION

For exactly solvable models in non-linear systems, the group structure plays an important role. The
KdV equation is one of the examples. The AKNS formalism exposes that the KdV equation has the
sI2, R) = s0(2, 1)/Z, = sp(2, R) = su(l, 1) Lie algebra structure [1]. From geometrical approaches,
we can also observe that the KdV equation has such Lie algebra structure [2]-[5]. In addition, we can
find the Lie group structure for the Jacobi type elliptic function [6]. It is worth mentioning that the
g-function is one of the static solutions of the KdV equation. While, in some sense, the Taniyama-
Shimura conjecture [7]-[9] is considered to be the exactly solvable system because we can obtain all
solutions for each elliptic curve over specific F, from the Mordell-Weil group structure [10], [11] of
that elliptic curve. Parametrizing elliptic curves by the gp-function, the Lie group structure of the g-
function and the Mordell-Weil group in the Taniyama-Shimura conjecture are strongly connected.
The Mordell-Weil group can be considered to be the special Abelian subgroup of the non-Abelian SL
(2, R) Lie group. In the Taniyama-Shimura conjecture, the Mordell-Weil group plays an essential role.

In this paper, we consider an analogue of the Taniyama-Shimura conjecture for quadratic curves
over F,,. By constructing the analogue of the modular form of the Taniyama-Shimura conjecture for
quadratic curves, we will demonstrate that such an analogue of the modular form can be considered
as a generalization of the Gaussian sum and it has a structure of the modular transformation by using
the other Gaussian sum.

2. GENERALIZED GAUSSIAN SUM

Here we consider the quadratic curve analogue of the modular form of the Taniyama-Shimura
conjecture.

2.1. The Quadratic Curve Analogue of the Modular Form of the Taniyama-Shimura Conjecture

We denote the number of solutions for the elliptic curve

y? = x° + kyx? + k1x + ko (mod p),
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over F, by N (p) and define Z(p) =p- N (p). Suppose a modular form, which corresponds to this
elliptic curve, to be

f(r) = Z’C\(n)q", q = exp Q2mit).
n=1

Then the Taniyama-Shimura conjecture claims 3([)) = ¢(p) for prime numbers p. In our quadratic
case, 1.€.,

y?* = ax® + 1 (mod p),

over F,, the number of solutions is given by N(p) = p — (E) and we define b(p) = p — N(p) = (E).
p p

Then the quadratic curve analogue of the modular form is given by

f(x) = Zc(n)q”, q = exp 2wit).

n=1

with ¢(p) = b(p) = (ﬂ’) for prime numbers p.
p

Based on the above discussions, the quadratic curve analogue of the modular form should at least
. a . . .
include (—) ¢” terms. For such a form to have some modular transformation property, it must include
p

terms b(n)¢" with a non-prime integer n. Candidate that satisfies these requirements can be obtained
by replacing the prime number p with any integer n. At the same time, we have to replace the Legendre

symbol with the Kronecker symbol in the form (f) ¢ — (C—l) q", because the Legendre symbol is
p n/k

not defined for non-prime integer n. Note that for odd prime number p, (g) = (g)
K
Let us discuss the periodicities of the Kronecker symbol. For ¢ = 1 (mod 4), we obtain

(C—l) =<13) (—1)"21-”21=(1’+“‘5) (1) ( a ) |
Prx 4K a K pt+al )y

for any integer £. That is, ((—1) is periodic with respect to p (mod «).
Pk
For a = 3 (mod 4), we obtain

(ﬁ) 2(1_7) (_l)%l’% Z(P+4a€) (_1)%174—4421(—1 =( a ) .
P/ k ajk a K p+4at )y

That is, (‘—Z) is periodic with respect to p (mod 4a).
PJk

For a =2 (mod 4), we put a = 24’ with «’ is odd integer. Then we have

/ 2_ /_ _
(f) z(%) (Z) = (=% (2,) (—T T
PJk P/k \PJk a )k
= (o (”—+8a%) (=)Lt eyt =( a ) .
a K p+dal ),

That is, (f) is periodic with respect to p (mod 4a).

K
Then we arrive at the quadratic curve analogue of the modular form

Z (g) q", q=-expQmit), ifa =1 (mod4),
i K
fo=1"=/, (1)

> (-) ¢!, q =expQuit/4), ifa=2,3(mod4).
njg

n=1
(n,4a)=1

In order to concrete our claim, we will show the following in subsequent subsections:
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1) f(r) becomes the Gaussian sum if t is the special value 7,
2) f(7) is associated with the theta function, so it has the structure of the modular transformation.

Then we call the above infinite sum (1) the generalized Gaussian sum. If 7 is the special value ty, the
generalized Gaussian sum becomes periodic, and we denote one of its periods, which is proportional
to the Gaussian sum, as f' (). _

We close this subsection by giving some examples of f(zp), which will be helpful to understand the
proof in the following subsections.

Example 1.

1) For y*> = 5x* + 1 (modp), f(1/5) = ¢ — ¢* — ¢ + ¢* = V5 = Gs.

2) Fory? = —=3x> 4+ 1 (mod p), f(1/3) = ¢ — ¢* = /=3 = G;.

3) For)? =3x + 1 (modp), f(1/3) = 1 — ¢; = v/3 = —iG;.

4) For y> = —5x> 4+ 1 (mod p), f(1/5) = q1 + ¢} + q] + ¢} = V=35 = iGs

2.2. Gaussian Sum

In this subsection, we show that the Gaussian sum can be extracted from the quadratic curve
analogue of the modular form given in (1).

Here we list the properties of the Kronecker symbol used in the following calculations. Let m =
2¢m’, n = 2%n (m', ' = odd integer):

ifm>0orn>0and (m, n) =1(e; =00re; =0and (', ') = 1),

mjg\n/g

" ) 1, ifn=1, 7 (@mod3),
(5) _ (_) — 1 _1 ifn=3 5mods). 3)
K nJk 0, if2|n.

(5) v @)
nJk

[ ]
ifn#£—1,
ab a b n n n
(5).-G).6). @).-0),6), ®
nJ)g n)g\n)g ab ) ¢ a) g \b/)x
L)
(T) — +1,if o, n):l,otherwise(T) —0. (6)
njk njg
L)
forn>0anda=>b mod 4n, 1fnz2.(mod4), , ) = é . @)
n, otherwise, njg nj)g

1) y* = ax* + 1(mod p), a > 0 and a = 1 (mod 4): In the case of (n, a) = 1, (f’) = (’1) is derived
n/k al’k

from (2). Since (C—l) =0if (n, a) # 1, (1) can be rewritten as
n/k

F@ =3 (%) d' a=expriv). ®)

n=1

Equation (7) shows that (n + a) = (E) holds. If T = 1/a, then ¢* = 1, and we obtain
a Jg a’k

n+a n—+a n n
g =\-) 9-
a Jk ajk
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From this equation, it can be seen that f(1/a) repeatedly contains /(1 /a) shown in the following

a—1
- n
l/a) = - 2rin/a). 9
fam=3 () expmina) ©)
Since (‘_’) =0, thesumofnin (9)isuptoa — 1.
alk

If we put a = p (prime number) further, £(1/p) becomes the Gaussian sum in the form

p—1

famp=>" (1’;) expQrin/p) = G, = \/p, p=1(mod4). (10)

n=1

2)y* =ax*+1(mod p), a < 0 and a = 1 (mod 4): Let us consider for a = 1 (mod 4) and a < 0. In
this case we rewrite (E) as

n/k
(f) = ( — |a|) — (__1) (M) — (=D)"T x (=) (ﬁ)
njk nJk nJg\nJ/g lal / k
by using (2), (4) and (5). Note that (—1)$ = —1 because of |¢| = 3 (mod 4). Then we obtain
-1 lal=1 n'—1 =1 -1
h 7T x(=h 22 =7 x(=)7 =1L
Then (1) can be rewritten as
([ n
f(o) = Z (m) q", q=-expQmit). (11)
K

n=1

If T = 1/|a|, then ¢! = 1, and we obtain

n+ |a| 1 a n n
()= ()
|al K lal ) k

The generalized Gaussian sum f(1/|a|) repeatedly contains ]_‘ (1/|a]) shown in the following

lal—1
Fajlah =" ((f;l) exp(2rin/|al). (12)
n=1 K

If we put |a| = p (prime number) further, /' (1/p) becomes the Gaussian sum in the form

p—1

Jam=> (g) expQrin/p) = G, = i/p, p= 3(mod4). (13)

n=1

3)y? = ax? + 1(mod p), a > 0 and a = 3 (mod 4): We prove the following theorem.
Theorem 1. Let a = 3 (mod 4) and a > 0.

(5), = (),

Proof . Because a = 4k + 3 and n is odd integer from (n, 4a) = 1, we obtain

a az1 0=l (1 w1 (1
(0= ), 0 ),

njk ajk ajk
from (2). While we have

( a ) :(—1)6‘2;1‘"%2”71 (n+2a) :(—1)”21“’(2) ,
n+2a)y a Jg alg

where we used (7). Then we obtain( a ) /(E) =(=DhH'=-1.1
n+2a)g n/k

Vol 5 | Issue 6 | November 2024




Hayashi et al. A Quadratic Curve Analogue of the Taniyama-Shimura Conjecture

TABLE I: RELATION AMONG 7, m AND £ FOR a = 11

m 1 2 3 4 5 [§ 7 8 9 10
0 1 1 1 1 1 1 2 2
n 15 19 1 5 9 13 17 21 3 7

If T = 1/a, then ¢3* = —1, we obtain

a n+2a __ f n
(n+2a),<q1 _(n)qu'

The generalized Gaussian sum f(1/a) repeatedly contains f(1/a) shown in the following

2a—1 2a—1
- a n—1 n
1 = 2 - " — E -z (|- " 14
saja) (”)qu =D (a)qu (1
n=l1, (n,4a)=1 n=l1, (n,4a)=1
In (14), n takes (@ — 1) values as n € {1,3,---,4,---,2a — 1}, where & indicates that a is not

included. These values can be mapped to the following values m as m € {1, 2, 3,---, a—1}. The
relation between n and m is given with suitable integer £ as follows

n=4m—a2¢-1). (15)

We show here an example for ¢ = 11 in the Table 1. Proof for any a will be given in Appendix A.
Replace 7 in (14) with m to get the following equation

- ] n -1 L ram— a2t —1) dm—a@e—1)-1
f(1/a) = Z (_> (-7 ¢ = Z (—) (=) G pmaCtD (1)
n=1, (n,4a)=1 a4/ k m=1 a K

By using (3), (5) and (7), we obtain

(=)= (0),-().0).().- (),

Furthermore, we obtain

dm—a2e—1)—1

(=DM ETT = (DT = (D)) (=D T = (=),

g" D = exp(mim/a) exp((—2¢ + Dmi/2) = i(~1)  expQrim/a),

where we used g; = exp(wi/2a). B
If we put @ = p (prime number) further, f(1/p) becomes the Gaussian sum in the form

fQ/p) = —lz ( )exp(Znim/p) = —iG, = /p, p=3(mod4). a7

4) y* = ax’ + 1(mod p), a < 0 and a = 3 (mod 4): We rewrite /(1) as

[e.¢]

fo= 3 (#) di. @ = expQrit/4). (18)
K

n=I, (n,4a)=1

Theorem 2. Let a = 3 (mod 4) and a < 0.

(3m), ()
n+2lal) g n )

Proof . |al = 1 (mod 4) and n is odd because of (1, 4|a|) = 1. Then (—1)@ =1and "=
We, therefore, obtain

()= G () o™ (), =0 (),
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While we obtain

—la| -1 lal nt2lal—1 lal=1 n+2a-1 {7+ 2|al
LT — (-1 1
(n+2|a|)K (n+2|a|),<(n+2|a|),< b xehe ( 7 )K
(- (”)
al

n+2a -1 n+1
2 2

Note that + |a| — 1. Then we obtain

(50 /()

If T = 1/|a|, then q%'“' = —1, and we obtain

_|a| ) n+2lal __ ( - |a|) n
(n+2|a| qu = n K%-

The generalized Gaussian sum f(1/|a|) repeatedly contains f(1/|a|) shown in the following

2lal—1 2]al—1

- —lal 0
fAflah= > (T) gi= > (D7 (ﬁ) q. (19)
n=1, (n,4lal)=1 K n=1, (n,4lal)=1 a
n e {1, 3+, lal, -, 2la] — 1} and m € {1, 2, 3,---, |a| — 1} are connected each other with

suitable integer £ as follows
n=4m— |a|(2¢ — 1).

This will be proved in Appendix.
By the same calculation as shown below (16), we have
2lal—-1
Z -7 (—) qi
K

(n, 4|a\) 1

f(1/lal)

la|—1

T g (4m |a|(2e—1>) e
lal K

m=1

la|—1

= Z(—l)e (ﬂ) expQmim/|al) x i(—1)*
m=1 |Cl| K

la|—1

= i% (%)K expQrim/|al), (20)

where we used ¢, = exp(ri/2|al). )
If we put |a| = p (prime number) further, ' (1/p) becomes the Gaussian sum in the form

-1

f/p) = iz (%) exprim/p) = iG, = i/p, p=1(mod4). (1)
m=1

5)3y? = ax* + 1 (mod p), a = 2 (mod 4): We put a = 2(2k + 1) = 2a’, where o’ is odd. Here n is odd
integer owing to (n, 4a) = 1.
Theorem 3. Let a = 2 (mod 4) and a > 0.

(n fza)K - (Z)K

2
Proof. (3) can be rewritten for odd n as (;) = (—) = (-
K n)g
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Then we obtain

a . 2d B 2 a — 1)<n+4¢§)2—1
n+2a), \n+da)y \n+da)y\n+da),

ll/— n (l/ — 4 / Vl2— ! ll/— n— 2—
x (= 1) = (”+/ “) = (=D)F (=) x ()T (ﬁ/) = (DT
a X @)k

x(-1)*TT (3) .
4/ k

While we obtain

(0),-(2),-), ), - <= ),

njg nJg nJjg\nj/g a )k
. a a

Thus we obtain (n+2a),</(;)1< =—1.1

If = 1/a, then ¢3* = —1, and we obtain

a n+2a __ g n
()= ()

The generalized Gaussian sum f(1/a) repeatedly contains f(1/a) shown in the following

2a—1

fay= > (g) exp(2in/4a). 22)
K

n=1, (n,4a)=1
In the case of a < 0, the similar calculation shows that

2lal—1

fana = > (S experingdian, ()
K

n=1, (n,4la|)=1

By using the other expression of Gaussian sum, (22) and (23) are expected to be rewritten as follows

2a—1
7 _ ) _ . —
f(l/a) = 157 ; exp(2rin® /4a) = «/a, if a > 0 and a = 2 (mod 4),
~ i 2]al—1
f)lal) = —=>" expmin’ /4]al) = i/]al. if a < 0 and a = 2 (mod 4).
1 +1i n=0

For a = £2, 46, £10, we have verified that our expectation is correct. Below, we show ¢ = 6 case.
With ¢, = exp(mi/12), we obtain

11

6 n
> (5) d=ardi-d-a' =5
njg

n=l1, (n,24)=1

and
11 .
Dl =l+a+gi+q—di+a —1+q—qi+q) +at + @1 =41 + 2] = 1 + V6.
n=0

2.3. Modular Transformation Structure

Here we explain the generalized Gaussian sum is associated with a theta function.
Theorem 4. There are two expressions of the Gaussian sum in the form

p—1 p—1
n . . p=1
Gy = Z (1;) exp(2min/p) = ZeXp(2mm2/p) =V (D7 p. (24)
n=1 m=0
Proof of the second expression. We consider the quantity
p—1
1= Z exp(2mwia/p), (25)
a=1, a=quadratic
residue
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ina e Fy. {12,22,---, n%, -+, (p—m?, -, (p — 1)?} are quadratic residues, and the same quadratic

exp(2mim?/p). While we

. . 1 _
residue comes twice as n’> = - n)? (mod p). Then we have I = 3 Zf;:l]

obtain
p—1 m p—1 p—1
G, =Y. (—) exp2rim/p) = > expQria/p) — > expQria/p)
m=1 p a=1, a=quadratic a=1, a=quadratic
residue non-residue
=1-J. (26)

By the way, we obtain I +J = Zﬁ:l exp(2mim/p) = —1, which gives / = —I — 1. Then we conclude

p—1 p—1
G, =20 +1=) expQmim’/p)+ 1= "> expQmim*/p). W (27)
m=1 m=0

Thus we obtain the generalized Gaussian sum with the other expression in the form

G(r)=>). (;—j) exp(2rint) = D exp(2min’t). (28)

n=1 m=0

Using this generalized Gaussian sum with the other expression, we can connect the generalized
Gaussian sum with the elliptic theta function in the form

G(t) =1+ Zexp(Zninzr) = % (19 [}] 0, 7) + 1) ) (29)

n=1

The elliptic theta function has the structure of the modular transformation, and by shifting the
constant value, the generalized Gaussian sum also has the structure of the modular transformation.

Through the considerations above, we conclude the generalized Gaussian sum is the quadratic curve
analogue of the modular form in the Taniyama-Shimura conjecture.

3. CONCLUSION

We have examined the quadratic curve analogue of the Taniyama-Shimura conjecture for the
quadratic curves. The number of solutions in F, is governed by the order of the quadratic curve
analogue of the Mordell-Weil group. For quadratic curves y> = ax? + 1 (mod p), the order of the

group of the Mordell-Weil analogue is given by N(p) = p — (ﬁ’). If we make the combination of
P

b(p) = p— N(p) = (g) we obtain

p—1 2
ax-+1
~b(p) =N(p)—p= ( ) : (30)
n=1 p

For the quadratic curve analogue of the modular form of the Taniyama-Shimura conjecture, by
replacing the Legendre symbol with the Kronecker symbol, we obtain the generalized Gaussian sum.
If we use the other form of the Gaussian sum, the generalized Gaussian sum is connected with the
elliptic theta function with zero argument. Thus, the generalized Gaussian sum has the structure of the
modular transformation.

APPENDIX
Correspondence between n € {1, 3,---, d,---,2a— 1} andm e {1, 2, 3,--- , a — 1} for odd a.
In this appendix, we show thatn € {1,3,---,a,---,2a—1}andm € {1,2,3,---,a—1} are

mapped to each other by using the following relation with a suitable integer ¢ for odd a:
n=4m—-—a2¢—-1), £=0,1,2,---. 3D

Theorem 5. If m; # my, then ny # ny.
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Proof. Let ny = 4my — a(2¢; — 1) and ny = 4my — a(2¢; — 1). Then
ny —ny =22(mi —my) —a(ty — £)).

Suppose n; = ny, then 2(m; — my) = a(€; — £3). Since a is odd, £; — £, must be even. If m; # ny,
la(€1 —€>)| > 2a, while |2(m; —m»)| < 2(a— 1) because m; and m;, are elements of {1, 2, 3,---, a — 1}.
Then, 2(m; — my) — a(€; — €>) cannot be reduced to 0 for m; # m;,, which contradicts the assumption
n; = np. Namely, we conclude that n; # ny if m; # m, .l

Theorem 6. If odd integer n € {1, 3, 5,---a,---, 2a — 1} is given, thenm € {1, 2, 3,---, a— 1} and
£ are determined from (31).

Proof. To solve (31), we first consider the equation

l=4X+aY.

Thanks to (4, a) = 1, this equation always has an integer solution X = X, and Y = Y, where Y
must be odd because a is odd. By multiplying n, we obtain the solution of (31) as m = my = nX, and
=2 —1) = =2(£y — 1) = nYy, namely

n=4my— a2ty —1).
It can be seen that (31) has an infinite number of solutions. Indeed, for any integer k&
m=my+ka, €=~y+ 2ka, (32)

are solution of (31). By making k an appropriate integer, m can be an element of {1, 2, 3,---, a — 1}
except when m is 0. If m = 0, however, n = a with £ = 0. it is the excluded value for n. The exclusion of

n = a follows from the fact that the definition of f () given in (14) and (19) includes (f) , which is 0
n/xk
forn=a. N
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