European Journal of Mathematics and Statistics
Vol 5| Issue 3 | June 2024
ISSN 2736-5484

RESEARCH ARTICLE

CrossMark

Introduction to the Thukral-Determinantal
Formula for Accelerating Convergence of
Sequence

Rajinder Kumar Thukral*

ABSTRACT

There are two objectives for this paper. Firstly, we shall introduce the Submitted: March 29, 2024
Thukral-determinantal formula, and secondly, we shall demonstrate the
similarities between the well-established algorithms, namely the Aitkin A2
algorithm and the Durbin sequence transformation. In fact, we have found
that the solution of the Thukral-determinantal formula is equivalent to the
Thukral-sequence transformation formula.

Published: June 10, 2024

d. 10.24018/ejmath.2024.5.3.358

Padé Research Centre, United

Kingdom.
Keywords: Aitkin A2 algorithm, Brezinski-Durbin-Redivo-Zaglia
sequence transformation, Durbin sequence transformation, Thukral- * Corresponding Author:
determinantal formula. e-mail: rthukral@hotmail.co.uk

1. INTRODUCTION

In almost all areas of numerical mathematics, there are convergence problems. In such cases,
either the convergence is slow or even divergence is observed and accordingly many techniques
for accelerating convergence have been devised. For example; Aitkin A2 algorithm, e-algorithm, -
algorithm, Lubkin transformation, Levin-type transformation, and many others may be found in
[1], [2]. Whereas Durbin’s sequence transformation and Brezinski-Durbin-Redivo-Zaglia’s sequence
transformation may be found in [3], [4]. It is well-established that the Durbin sequence transformation
cannot be expressed as a ratio of two determinants [5], [6], and it has been a long quest to find this
representation. Hence, the prime motive for the introduction of the Thukral-determinantal formula
was to establish that the Durbin sequence transformation can be represented as a ratio of two
determinants. Furthermore, we shall verify that the Thukral-determinantal formula produces an
equivalent equation to the Thukral-sequence transformation, and there is a particular connection
between the Brezinski-Durbin-Redivo-Zaglia’s sequence transformation.

The structure of this paper is as follows: In Section 2, we state the essential definitions relevant to the
present work. In Section 3, we shall define the Thukral-determinantal formula, and in process we will
demonstrate the similarities between the Aitkin A? algorithm, the Durbin sequence transformation,
and the Thukral-sequence transformation. In order to construct the new determinantal formula, the
following proposition is essential.

2. PRELIMINARIES

In order to construct an iterative scheme, the following assumptions are essential and are given in

[, 7).

Let us assume that

=2 e (M

is a slowly convergent or divergent sequence, whose elements s, are the partial sum of an infinite series,
give as

Sp = 211:0 Ci. (2)
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The basic assumption of all sequence transformation is that a sequence element s, can be for all
indices # > 0 to be partitioned into a limit s a truncation error ¢, according to

A3)

The conventional approach of evaluating an infinite series consists of adding up so many terms that
the error ¢, ultimately becomes zero. Unfortunately, this is not always possible because of obvious
practical limitations. Moreover, adding up further terms does not work in the case of a divergent series.
Therefore, the development of new techniques plays an important role.

Sp =58+ e,

/

Furthermore, let us assume the two sequences |s,| and |s, | both converge to the same limit s. Another

s/n converges more rapidly than |s,| then

condition of the sequence

/

.8 —S
lim -2 =0.
n—o0o §, — §

4)

3. CONSTRUCTION OF THE THUKRAL-DETERMINANT FORMULA

In this section, we shall define the Thukral-determinantal formula for accelerating the convergence
of sequences. In the process, we shall demonstrate that the Thukral-determinantal formula is in fact
equivalent to the Thukral-sequence transformation formula and show a connection with the Brezinski-
Durbin-Redivo-Zaglia [3], [4]. Hence, we shall show the similarities for the first five cases and then
define the Thukral-determinantal formula as a general form. We begin with the Brezinski-Durbin-
Redivo-Zaglia formula,

c ik
ZLO (=1 (1) Snti DSy ki
ik
S (=D ( l.) Asnaiei

BDRZ, = P (5)

where n, k € R, A operates, now and in sequel, on the variable n. For example,

Asn (SIH-] - Sn) .

In order to obtain the identical results between the Thukral-determinantal formula and the Thukral-
sequence transformation we will modify the Brezinski-Durbin-Redivo-Zaglia formula, and define a
new version, namely Thukral-sequence transformation as

ik
Zf‘(zo (=1 (z) Snotit1 ASpie—i

=y 1 () dneic

=

(6)

We shall demonstrate the similarities between the Thukral-determinantal formula and Thukral-
sequence transformation for several values of k.
Forcasek =1:

1 1
AS,, AS,H_]
T, = (_1)1 Sn+1 Sn _ (SnASpi1 — Spr1A8y) (Asn+lAir;)_l 7
1 1 (Asn - ASnJrl) (AanrlAsn)
Aer—l ASn
1 1
By cancelling common factors and simplifying (7), we get
2
Spt28y — S
T, = ( n+25n n+1) (8)

B (Sn42 — 28541 + Sn).
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Using the Thukral-sequence transformation Formula (6) for case k = 1, we obtain

1
Z;:O (=1 (z) Sngit1 ASpy1—i

A1 — Spp1Asy

h= 1 Aspr1 — As, ©)
Z}:o (_1)l (l) AS}1+l—i " "
Expanding and simplifying (9), we obtain
_ 2
f = (S”+2Sn S}’l+1) (10)

- (Sn42 — 28541 + Sn).

The Aitkin A? algorithm is a well-known technique for accelerating the convergence of sequences
and in fact, there are many versions of the algorithm [1]-{3], [7], the Eq. (10) is one of many versions
of the Aitkin A? algorithm. Therefore, it is apparent that (8) and (10) are equivalent and is one of the
versions of the Aitken process.

We progress to k = 2:

1 1 1
Asy  Asppr Asppo

n n+l n+2
Asy  ASpr1 Aspio

T ( 1)2 Sn+2 Sn+1 Sn (SnASp2 = 28541 ASpp1 + Spp2 ASy) (ASpp2ASpt Asn)_l (11)
2 = _— = _ .

1 1 1 (Asy — 288511 + Asui2) (Asyy2Asui1Asy) ™!

ASpta  ASptl As,

n n+1 n+2
ASn+2 Aanrl Asy
1 1 1

Expanding the numerator and denominator of (11), we get

_ (SnAsn+2 - 2Sn-}—lAer—l + Sn+2ASn) (Asn-&-ZASn-%-lAsn)71

T
(Asy — 2A8,11 + Asp2) (Asy2Asyi1 As,) ™!

(12)

Again, we cancel the common factors and simplify (12), which yields

(82 A8y — 28,11 ASpy1 + Spy3Asy)
T, = . (13)
(Asy — 2A8541 + Asyy2)

The second scheme of the Thukral-sequence transformation Formula (6) is given as

2
Z%:() (=D (l) Spit1 ASpyo—i
I = > . (14)
S (=1 (z) ASpy2-

The Eq. (14) is simplified as

_ (SnASp12 — 28541 A8p11 + Spy2ASy)
(Asy — 2A8p41 + Aspi2)

(15)

1)

Here also we find that the expressions (13) and (15) are identical.
For the purpose and motivation of this paper, we shall demonstrate similarities between the Thukral-
determinantal formula and the Durbin sequence transformation for the next case.
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When k = 3, the Thukral-determinantal formula is given as

1 1 1 1
Asy, Aspy1 ASypo Aspi3
n n+1 n+2 n+3
Asy, ASpt1 ASpia ASp43
7+’ w42’ @+3)’
Asy Aspyq Aspya Aspi3
Ty = (_1)3 Snl+3 Sn1+2 Sn+11 Sn1 (16)
ASyq3 ASpra ASptn Asy
n n+1 n+2 n+3
Asnys  Aspo Asyyi Asy
2+ +2? (143
ASpt3  Aspio ASpt1 As,
1 1 1 1

Evaluating the above equation, we get

o 2 (8nASpg3 + 38554108510 + 385542 ASp 1 — Suy3ASy) (ASpp3AS 0 AS, 4 Asn)_l

= 17
} 2(As, — 3ASnJrl + 3Asn+2 — ASpt3) (Asn+3Asn+2Asn+lAsn)7l ( )

As before, we cancel the common factors of (17) and obtain
Ty = (—$nAspy3 + 38041 A8p42 — 38, 12A8,41 + Sn+3Asn)‘ (18)

(Asy, — 3As,41 + 3Asp410 — Aspy3)

We expand (18) and show the similarities between the Thukral-determinantal formula and the
Durbin sequence transformation, thus becomes

_ (=Sn (Snga — Spy3) — 3Sn-H (Snt3 — Sug2) + 3Sn+2 (Snt2 = Snt1) = Sug3 (Sn1 — Sn))

T; = (19)
(= Gnr1 = Sn) + 3 (Snv2 = Sn1) — 3 (Snt3 — Spg2) + (Snd — Snt3))
By cancelling similar terms and simplifying (19), we get
(335_»,_2 — 4Spy 15043 + Snsn+4) (20)

T, =
3T (65nr2 — 4 (gt + Sn3) + S+ Sura))

Which is identical to the Durbin sequence transformation [1], [3], [5]. Moreover, from the Thukral-
sequence transformation Formula (6), for k = 3, yields

(3
Zf:o (=1 (l) SnriDASpi3—
3= , 21)

S (=1 (f) sy

. (S ASpy3 — 38511 A8p32 + 3Su42ASpp1 — Sp3Asy)

3 = 22
’ (Aspy3 — 3Asp10 + 3As,41 — Asy) (22)
Expanding and simplifying (22), we obtain
352 — 48y 1Sus3 + 3Sus2Snsa + SnSn
t = ( 2 +15n43 +25n+4 +4) 23)

 (6Spsa — 4 (St — Spt1) 3 (Sup3 — Sn42))
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Consequently, for £ = 3 we have demonstrated that the Thukral-determinantal formula, the Durbin
sequence transformation and the Thukral-sequence transformation formula produce identical results.
The Thukral-determinantal formula for k = 4:

1 1 1 1 1
Asn ASnH ASnJrZ ASn+3 ASrl+4
n n+1 n—+2 n+3 n+4
Asy,  Aspy AR Aspi3 AV
” m+1)? m+2? m+3)7 m+4)>
Asp ASpp ASpio Aspi3 AN
o+ 42 m+3° +4)°
Asy Aspy ASpi2 Aspi3 ASpi4
Sn-+4 Sn+3 Sn42 Snt1 Sn
Ty = (=1° 1 1 1 1 1 (24)
Asn+4 Asn+3 Asn+2 AS}'H»I Asn
n n+1 n+2 n+3 n+4
ASn-‘r4 ASn+3 ASn+2 ASnJrl Asy
o+ 42’ 1+3)7 m+4)?
ASyia ASyy3 ASyyo ASpy Asy
P+ 1 m+2° +3)° m+4)°
AS11+4 AS;:H,} Asn+2 Asn+1 Asn
1 1 1 1 1

Expanding (24), we obtain

T4 =
12 (5p Aspra — 4Sny1 ASuts + 6801208540 — 48013 ASni145n44ASy) (ASppaAspis A5n+2Asn+lAsn)_l
12 (Asy, — 4As,41 + 6AS,12 — 4AS,13 + ASyra) (Asn+4Asn+3Asn+2Asn+1Asn)’l

(25)
Eliminating the common factors and simplifying (25), we get
T, — (SnASpa — 4511 ASpg3 + 08,42 ASy12 — 4833 ASpt1+-Sn+4 ASy) (26)
* (Asy — 408551 + 6AS,42 — 4A523 + Asyra)
The Thukral-sequence transformation Formula (6), for k = 4 is given as
(4
Z?:o (G)) (l) Sntit1 ASpya—;
t4 = , (27)

o0 (F) asas

p (SnASpta — 45y 1 ASp43 + 08,42 ASyy2 — 4843 ASpt14-Sn+4 ASy) (28)
4= .
(ASpts —4AS,13 + 6As,40 — 4As,11 + Asy)

It is apparent that (26) and (28) are identical and hence the Thukral-determinantal formula and the
Thukral-sequence transformation formula produce identical results.
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The Thukral-determinantal formula for k = 5:

1 1 1 1 1 1
Asy, ASpt1 ASpra Aspys ASpta  ASpts
n n—+1 n+2 n+3 n+4 n+5
As,  Asyy A Aspi3 ASpia ASpys
7o+ m+2* 43 i+ 45>
Asy ASpy Aspi2 AV A Aspys
7+ 042 a+3) +4 @+5)
Asy ASyy1 AT} ASyi3 AN ASpys
o+ Dt e+t 0+ m+dt w5
Asy,  Aspp AT} ASpy3 ASpyq ASyys
Ts = (_1)5 Snl+5 Sn+4 1 Sn+13 S1n+2 Sn+1 - Sln
ASpts ASpra  ASpp3 Aspio Aspp1 Asy
n n+1 n+2 n+3 n+4 n+5
AsSpys AV ASpy3 AT} Aspi1 Asy
"+ 142 437 44> @+ 5>
Aspis  Aspyq Aspi3 ASpio Aspi Asy
7w+ @m+2 0+3 e+d 0+’
ASnts  Asyia ASpy3 AT} ASpt Asy
e+ D i+ @+t e+t w+ 9
ASpys ASyy4 ASpy3 AT} Aspt1 Asy,
1 1 1 1 1 1

Similarly, we expand (29) and obtain

Ts =

_ (1 ASpt5 — S8t 1A8p14 + 105,00 A,y 3 — 108,43 A8,42 + 5814 ASpp1 — SnysASy) Rs

(Asy — 5Asy1 + 10AS,12 — 10AS, 13 + SAS,14 — Aspis) Rs

where the common factors of the numerator and the dominator of (30) are denoted as
Rs = 288 (Asu15A8, 14 A8y 3 A2 A8, 1As,) 7

By cancelling these factors and simplifying (31), we get

T.
> (Asy+s — SASpa + 10ASs, 13 — 10AS, 10 + SAS, 11 — Asy)

Expanding the Thukral-sequence transformation Formula (6) for k = 5,

5
Zf:o (=1 (1) Snpit] DSpik—i

s = )

>l (=1 (?) ASpik—i

_ (50 ASpts — SSuy1 ASura + 108,02 A8p43 — 108,308,124 58014 ASpp1 — Spys5ASy)

(SnASpys — 58pp1 Aspps + 108,12 A8,43 — 108, 3A8,15 + 58,44 ASuy1 — SppsAsy)

[z =
: (ASuss — 5ASura + 10As, 13 — 10As, 12 + SAs,11 — Asy)

>

Thukral

(29)

(30)

(31

(32)

(33)

(34)

We observe that the equations of the Thukral-determinantal formula and the Thukral-sequence

transformation formula given by (32) and (34) respectively are identical.
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In general, we define the Thukral-determinantal formula as

1 1 1
Asy  ASppi—1 ASupk
n n+1 n+k
ASy ASppk—1 ASpik
Sntk Sntk—1 « - Sn
ASn-‘,—k AS}’thfl o Asy
n n+k—1 n+k
AS”H'k ASn+1<71 o Asy
1 I ... 1

where n, k € R, provided the denominator of (35) is a nonzero and s, is given by (2).

Mathematically we have demonstrated that the Thukral-determinantal Formula (35) produces
identical results when compared to the Thukral-sequence transformation Formula (6), whereas only
the odd values of k are identical to the formula of Brezinski-Durbin-Redivo-Zaglia sequence trans-
formation, given by (5). Therefore, we postulate that the relationship between the two new Thukral’s
formulae is given as

ik
Zf:o (=D ( i) Snpit1 ASpyk—i
TF — t, = , (36)

Zf:o (Caol (llc) AR

and we conjecture that the connection between the Thukral-determinantal formula and the Brezinski-
Durbin-Redivo-Zaglia’s sequence transformation is

Zzzial (_l)l (Zkl_ 1) Sn+iASn+2k—i—l

Z?ial (=1’ (2ki_ 1) ASpt2k—i-1

T = (37)

4. REMARKS AND CONCLUSION

In this study, we have introduced the Thukral-determinantal formula and the Thukral-sequence
transformation formula for accelerating the convergence of a sequence. It is well established that the
Durbin sequence transformation has not been presented in a ratio of two determinants [4]-{6]. Hence, it
was of great interest to find a formula. In the process, we have demonstrated the similarities between the
Thukral-determinantal formula for the Aitkin A2 algorithm and the Durbin sequence transformation
for case k = 1 and k = 3, respectively. Furthermore, we have found that the Thukral-determinantal
formula produces mathematically equivalent results to the new Thukral-sequence transformation
formula, and only odd values of k results are similar to Brezinski-Durbin-Redivo-Zaglia’s sequence
transformation. Finally, further work is in progress to obtain the variants of the Thukral-determinantal
formula and establish an efficient convergence accelerator.
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