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Convex Structure in Generalized Fuzzy Metric Spaces
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Abstract— In this paper, we introduce the concept of convex
structure in generalized fuzzy metric spaces and proved
common fixed point theorems for a pair of self-mappings under
sufficient contractive type conditions.
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I. INTRODUCTION

In Mathematics, the concept of fuzzy set was introduced
by Zadeh [12]. It is a new way to represent vagueness in our
daily life. In 1975, Kramosil and Michalek [4] introduced the
concept of fuzzy metric spaces which opened a new way for
further development of analysis in such spaces. George and
Veeramani [1] modified the concept of fuzzy metric space.
After that, several fixed point theorems proved in fuzzy
metric spaces. In this paper, we introduce the concept of
convex structure in generalized fuzzy metric spaces and
obtain fixed point and common fixed point theorems for a
pair of self-mappings under sufficient contractive type
conditions with convex structure.

Il. PRELIMINARIES

A. Definition.2.1

Let (X, G, *) be a G — fuzzy metric space and | =[0,1]. A
continuous mapping A : X x X x | = Xis said to be a convex
structure on X if for each (x, y, k) € X x X x | and
ueX, G, AKX Y, k), AKX, Y, k), t) > kG(u, x, X, t) b+ (1 -

kK)G(u,y, v, ).
A space X together with a convex structure R is called a
fuzzy convex metric space.

B. Definition 2.2

A sequence {Xn} in a generalized fuzzy convex metric
space (X, G, *) is said to converge to x € X if IllimwG (X, X, Xn,
t)=1,forallt>0.

C. Definition 2.3

Let (X, G, *) be a generalized fuzzy convex metric space.
A sequence {xn} is called Cauchy sequence if n“_)mwG(xmp,
Xn+p, Xn, t) = 1, forall t>0and p > 0.
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D. Definition 2.4

A generalized fuzzy convex metric space (X, G, *) is said
to be complete if every Cauchy sequence is convergent.

Il. MAIN RESULTS

A. Theorem 3.1

Let (X, G, *) be a generalized fuzzy convex metric space
with A convex structure and let T': X — X be self mappings
satisfying, G(I'x, Ty, Ty, kt) > G(x, I'y, I'y, t) * G(T'x, v, ¥, ¥),
for all X, yeX and 0 < k < 1. Suppose that {x,} associated
with T is defined by:

Xoe X (1)
Xn+1= A(Fyn, Xn, (X.n), n :0, 1, 2. (2)
Yn= A(Xn, Xn, Bn), N=0,1,2... )

where 0 < an, Bn< 1 and Bn is bounded away from zero. If
{xn} converges to some point x € X then x is the fixed point
of T.

B. Proof

Suppose X, — X.
G(Xn, Xn+ 1, Xn+1, t) = G(Xn, A(T'Yn, Xn, 0tn), A(T'Yn, Xn, ), t)

> oin G(Xn, TYn, TYn, 1) + (1- 0n) G(Xn, Xn, Xn, 1)
> on G(Xn, T'Yn, Tyn, t) + (1 - o).
Therefore G(Xn, I'yn, T'yn, t) = 1 and hence T'yn—X.
G(I'%n, Yn, Yn, t) =G(I'n, A(TXn, Xn, Bn), A(TXn, Xn, Bn), 1)
> BaG(I'Xn, I'Xn, [Xn, 1) + (1- Bn) G(I'Xn, Xn, Xn, 1)
> Bot (1 - Bn) G(TXn, Xn, Xn, 1) 4
G(I'n, Tyn,'yn, kt) > G(Xn, Ty, T'yn, 1) * G(I'Xn, Yn, Yn, 1)
>1*[Bn+ (1- Bn)G(IXn, Xn, Xn, t)] by(4)

> Bt (1 - Bn) G(Fxn, Xn, Xn, t) (5)
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G(TXn, Xn, Xn, t) > G(I['Xn, ['yn, Tyn, t/2) * G(T'Yn, Xn, Xn, t/2)
> Bn+ (1 - Bn) G(I'Xn, Xn, Xn, t/2Kk).

It follows G(I'Xn, Xn, Xn, t) > 1and Tx, — X.
G(I'Xn, Yn, Yn, ) = G(I'X, A(TXn, Xn, Bn)s A(TXn, Xn, Bn), t)
> BnG(TXn, I, X, 1) + (1 - Bn) G(Xn, X, T, 1)
> BaG(X, X, TX, t) + (1 - Bn) G(X, Tx, Tx, 1).
It follows G(T'x, X, X, t) = 1. Thus I'x = x. Hence x is a fixed

point of T.

C. Theorem3.2

Let (X, G, *) be a generalized fuzzy convex metric space
and let Y, I': X — X be self mappings satisfying, G(YX, Ty,
Ty, kt) > G(YX, y, Y, t) * G(x, Ty, Ty, t), for all X, y € X and
0 <k < 1. Suppose that {xn} associated with S and T' is
defined by:

Xoe X (6)
Xn+1 :A(Fyn, Xn, (ln), n=0,1,2... (7)
Yn= A Xn, Xn, Bn), N =0,1,2... (8)

where 0 < on, Bn < 1 and Bn is bounded away from zero. If
{xn} converges to some point x € X then x is the common
fixed point of T"and Y.

D. Proof
Suppose Xn — X.

G(Xn, Xn+1, Xn+1, £) = G(Xn, A(TYn, Xn, 0n), A(T'Yn, Xn, ), 1)
> onG(Xn, I'Yn, Ty, t) + (1-00)G(Xn, Xn, Xn, 1)
> (X,nG(Xn, Fyn, Fyn, t) + (1 - U.n).

Therefore, G(Xn, I'yn, T'yn, t) = 1 and hence Ty, — Xx.
Therefore, by (7) and (8),

G(Xn, Yn, Y, t) = G(Xn, A(YXn, Xn, Bn), A(YXn, Xn, Bn), 1)

> BaG(Xn, YXn, YXn, 1) + (1 - Bn) G(Xn, Xn, Xn, 1)

> BaG(Xn, Yxn, YXn, t) + (1 - Bn) 9)

G(YXn, Yn, Y, t) = G(¥Xn, A(YXn, Xn, Br)y A(YXn, Xn, Br), 1)
> BaG (Y0, Y0, YXn, 1)+ (1 = Br) G(YXn,XnXn 1)
> B+ (1 - Br)G(YXn, Xn, Xn, 1) (10)
G(YXn, TYn, Tyn, kt) > G(YXn, Yn, Yn, ) * G(Xn, Tyn, Ty, 1)

= [Bn+ (L - Br)G(YXn, Xn, Xn, ] * 1 (11)
> Bt (1-Bn)G(YxXn, Xn, Xn, ) by (10)
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G(YXn, Xn, Xn, t) = G(YXn, ['yn, TYn, t/2) * G(T'Yn, Xn, Xn, t/2)
> BaG(Xn,YXn, YXn, t/2k) * (1- Bn).

It follows G(YXn, Xn, Xn, t) > 1 and YXp—> X. AlsSO, Yn—> X.
G(TX, Yn, ¥n, 1) = G(TX, A(YXn, Xn, Bn), A(YXn, Xn, Bn), 1)
>BnG(YXn, I'X, TX, t) + (1- Bn) G(Xn, X, T'X, t)
> BnG(X, T'x, Tx, t) + (1 - Bn) G(X, T'x, T'X, t).

It follows G(I'x, X, X, t) = 1. Thus I'x = x.

G(YXn, Yn, Yn, 1) = G(YX, A(YXn, Xn, Bn),A(YXn, Xn, Bn), t)
> BaG(YX,YXn, YXn, t) + (1 - Bn) G(YX, Xn, Xn, 1)
> BaG(YX, X, X, t) + (1 - Bn) G(YX, X, X, t).

Thus, I'x = Yx = X. Hence x is the common fixed point of
[andY.

E. Theorem 3.3

Let (X, G, *) be a generalized fuzzy convex metric space
and let Y,I: X — X be self mappings satisfying,
G(YX, Ty, Iy, kt) > G(x, y, y, t), forall X,y e Xand 0 < k <
1. Suppose that {xn} associated with Y and I is defined by:

XoEX (12)
Xn+ 1= A(TCYn, Xn, an), N=0,1,2... (13)
Yn=A(YXn, Xn, Bn), N =0,1, 2... (14)

where 0 < on, Bn < 1 and Bn is bounded away from zero.
If {xn} converges to some point x € X then x is the
common fixed point of I"'and Y.

F. Proof
Suppose X,— X.

G(Xn, Xn+1, Xn + 1, 1) = G(Xn, A(TYn, Xn, atn), A(TYn, Xn, n), t)
> 0in G(Xn, TYn, Tyn, t) + (1 - o)
> on G(Xn, TYn, Ty, t) + (1 - an).

Therefore, G(Xn, I'yn, ['yn, t) = 1 and hence 'y, — Xx.
G(Xn, Yn, Yn, 1) = G(Xn, A(YXn, Xn, Bn)y A(YXn, Xn, Bn), t)
> BnG(Xn, YXn, YXn, ) + (1 - Bn) G(Xn, Xn, Xn, ) (15)
> BaG(Xn, YXn, YXn, t) + (1 - Bn).
G(YXn, Yn, Yn, 1) = G(YXn, A(YXn, Xn, Bn), A Xn, Xn, Bn), 1)

> BaG(YXn, YXn, YXn, 1)+ (1 - Bn) G(YXn,Xn, Xn, 1) (16)
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> Bn+ (1- Br) G(YXn, Xn, Xn, t).
G(YXn, Tyn, Tyn, kt) > G(Xn, Yn, Yn, 1)
> Bn G(Xn, YXn, YXn, t) + (1 - Bn) by (15)

G(YXn, Xn, Xn, t) = G(YXn, T'Yn, T, t/2) *G(TYn, Xn, Xn, 1/2)
> BaG(Xn, YXn, YXn, t/2k) + (1 - Bn).

It follows G(YXn, Xn, Xn, t) > 1 and YXn — X. AlSO yn — X.
Now, G(I'X, Yn, Yn, t) =G(I')X,A(YXn, Xn, Bn), A(YXn, Xn, Bn), 1)

> Bn G(YXn, T'X, TX, t) + (1- Bn) G(Xn, T, T'X, 1)
> Bn G(X, T'X, Tx, )+ (1- Bn) G(X, I'X, Tx, 1).

It follows G(T'x, X, X, t) = 1. Thus I'x = x.
G(YX, Yn, Yn, £) = G(YX, A(YXn, Xn, Bn), A(YXn, Xn, Bn), 1)

> Bn G(YX, YXn, YXn, t) + (1 -Bn) G(YX, Xn, Xn, 1)
> Bn G(YX, X, X, 1) + (1- Bn) G(YX, X, X, 1).
Thus, I'x = YX = X. Hence X is the common fixed point of

FandY.

G. Theorem3.4

Let (X, G, *) be a generalized fuzzy convex metric space
and let Y, T: X — X be self mappings satisfying, G(I'x, Ty,
Ty, kt) > G(YX, Yy, Yy, t), forall X,y e X and 0 <k < 1.
Suppose that {xn} associated with Y and T is defined by

XoeX a7
Xn+1= A(Fyn, Xn, (ln), n= 0, l, 2... (18)
Yn= A(YXn, Xn, Bn), N=0,1,2... (19)

where 0 < on, Bn < 1 and Bn is bounded away from zero. If

{xn} converges to some point x €X then x is the common
fixed pointof 'and Y.

H. Proof
Suppose Xp—> X.

G(Xn, Xn+1, Xn+1, t) = G(Xn, A(Fyn, Xn, (In), A(Fyn, Xn, (ln),t)

> on G(Xn, 'Y, Tyn, 1) + (1 - an) G(Xn, Xn, Xn, 1)
> on G(Xn, [Yn,Tyn, t) + (1 - 0n).

Therefore, G(Xn, I'Yn, T'yn, t) = 1 and hence Ty, — X.
G(Xn, Yn, Yn, £) = G(Xn, AYXn, Xn, Bn)y A(YXn, Xn, Bn), 1)
> Bn G(Xn, YXn, YXn, ) + (1 - Bn) G(Xn, Xn, Xn, 1) (20)
> BnG(Xn, YXn, YXn, )+ (1 - Bn) and

G(YXn, Yn, Yn, £) = G(YXn, A(YXn, Xn, Bn)y A Xn, Xn, Bn), 1)

> Bn G(YXn, YXn, YXn, 1)+ (1 - Bn) G(YXn, Xn, Xn, t) (21)
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> Bn+ (1 - Bn) G(YXn, Xn, Xn, 1).

G(YXn, I'yn, TYn, kt) > G(Xn, Yn, Y, 1)

> Bn G(Xn, YXn, YXn, 1) + (1 - Bn) by (20)

G(YXn, Xn, Xn, t) = G(YXn, T'Yn, Ty, t/2) * G(TYn, Xn, Xn, 1/2)
> Bn G(Xn, YXn, YXn, t/2k) + (1 - Bn).

It follows G(YXn, Xn, Xn, t) > 1 and YX, — X. Also, yn— X.
G(T'X, Yn, Yn, 1) = G(IX, A(YXn, Xn, Bn), A Xn, Xn, Bn), t)
> Bn G(YXn, TX, X, t) + (1 - Bn) G(Xn, T'X, T, 1)

> B G(X, T'x, T'X, t) + (1- Bn) G(X, T'X, T, t).

It follows G(I'X, X, X, t) = 1. Thus I'x = x.

G(YX, Yn, ¥n, £) = G(YX, A(YXn, Xn, Bn), A(YXn, Xn, Bn), 1)
> Bn G(YX, YXn, YXn, 1) + (1- Bn) G(YX, Xn, Xn, t)

> B G(YX, X, X, 1) + (1 - Bn) G(YX, X, X, t).

Thus, I'x = Yx = x. Hence x is the common fixed point of
FandY.

I. Definition 3.5

Let (X, G, *) be a complete generalized fuzzy convex
metric space and letI': X — X be continuous mappingTl is a
quasi-non expansive if G(T'x, x, X, t) > G(X, X, X, t), for all x
e X and x is a fixed point of T.

J. Theorem 3.6

Let (X, G, *) be a complete generalized fuzzy convex
metric space and let Y, I': X — X be quasi-non expansive

mappings. Suppose that {x»} associated with Y and T is
defined by:

Xoe X (22)
Xn+1= A(TYn, Xn, an), N =0,1,2... (23)
Yn =AY Xn, Xn, Bn), N =0,1,2... (24)

where 0 < an, Bn < 1 and {an} is bounded away from zero. If
{xn} converges to some point x X, then x is the common
fixed point of T'and Y.

K. Proof
Let x € F(T) n F(Y). Then:

G(Xn+ 1, X, X, 1) = G(A(T'Yn, Xn, 0n), X, X, 1)
> an G(Tyn, X, X, t) + (1 - an) G(Xn, X, X, 1)
> an G(yn, X, X, t) + (1 - an) G(Xn, X, X, 1)

> an G(A(YXn, Xn, Bn), X, X, £) + (1 - an) G(Xn, X, X, 1)
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> 0P G(YxXn, X, X, 1) + tn (L - Br) G(Xn, X, X, 1)
+ (1- an)G(Xn XX, 1)

> [onBn + ot (1 - Br) + (1 - 0n)] G(Xn, X, X, 1)

> G(Xn, X, X, 1).

Thus, G(Xn+1, X, X, ) = G(Xn, X, X, ) > G(Xn-1, X, X, t)>....
This implies G(xn, x, X, t) > 1.Hence {xn} converges to x.
The following result is a special case of the above theorem.

L. Corollary 3.7

Let (X, G, *) be a complete generalized fuzzy convex
metric space and let I': X — X be quasi-non expansive
mappings. The sequence {xn} is defined by:

XoEX (25)
and

Xn +1= A(TYn, Xn, 0tn) (26)
yn :A(FXn, Xn, Bn), n= 0, 1, 2,. .. (27)

where 0 < an, Bn < 1. Then {x,} converges to the fixed point
of T.

M. Proof

The proof of the corollary immediately follows by putting
Y =T in the previous theorem.

IV. CONCLUSION

In this paper, we have explored the concept of convex
structure in generalized fuzzy metric spaces and proved
common fixed point theorems for a pair of self-mappings
under sufficient contractive type conditions.
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