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Compositions of Picture Fuzzy Relations
with Application in Decision Making

Mohammad Kamrul Hasan, Abeda Sultana, and Nirmal Kanti Mitra

Abstract — Picture fuzzy relation is an important and powerful concept which is suitable for
describing correspondences between objects. It represents the strength of association of the
elements of picture fuzzy sets. In this paper we have defined min-max composition for picture
fuzzy relations and some properties are explored based on this definition. Also we have discussed
some properties of max-min composition for picture fuzzy relations. Finally, an application is
discussed as illustration to show how the picture fuzzy relation are applied in decision making.

Keywords — Composition of picture fuzzy relations; linguistic terms; picture fuzzy relation;
picture fuzzy set.

I. INTRODUCTION

In our daily life, we are to meet many things where most of them are vague than precise and those thinks
always cannot be described by the concept of the conventional classical set theory. Most of the time this
vagueness arises because of ambiguity, imprecision, partial information etc. To deal with this type of uncertainty,
[1] introduced the concept of fuzzy set theory and then [2] developed the intuitionistic fuzzy set (IFS). However
recently many researchers keep their concentration on picture fuzzy set which was developed by [3]. After the
development of picture fuzzy set, it has been considered as a strong mathematical tool which is adequate in
situations when human opinions involved more answers of the types yes, abstain, no and refusal. Therefore, the
picture fuzzy set is the direct extension of fuzzy set and Intuitionistic fuzzy set by incorporating the concept of
positive, negative and neutral membership degrees of an element. Fuzzy relation was initially introduced by [4]
and then by [5]. Also it has been studied by a number of authors such as [6] and Zimmerman [7]. Then some
scholars used it widely in many fields, such as decision making, fuzzy reasoning, fuzzy control, fuzzy diagnosis,
clustering analysis [8]-[11] fuzzy comprehensive evaluation [12]-[14]. References [15] and [16] gave the
definition of intuitionistic fuzzy relations and discussed some properties of them. In 2005, [17] further researched
intuitionistic fuzzy relations and composition operation of intuitionistic fuzzy relations. [18] proposed the notion
of picture fuzzy relations and studied their operations and properties and suggested distance measures between
PFSs. Reference [19] investigated main fuzzy logic operators: negations, conjunctions, disjunctions and
implications on picture fuzzy sets and also constructed main operations for fuzzy inference processes in picture
fuzzy systems. Reference [20] properties of an involutive picture negator and some corresponding De Morgan
fuzzy triples on picture fuzzy sets. Reference [21] investigate the classification of representable picture t-norms
and picture t-conorms operators for picture fuzzy sets. Reference [22] discussed some aspects of equivalence
picture fuzzy relation.

In this paper, min-max composition for picture fuzzy relations is defined and explored some properties
on the basis of this definition. In addition, some properties of max-min composition for picture fuzzy relations
are discussed thoroughly. A decision making problem is illustrated at the end of this paper.

II. PRELIMINARIES

In this section, we recall some basic definitions which are used in later sections.
Definition 2.1[1] Let X be non-empty set. A fuzzy set A in X is given by

A ={(x,ua(x)):x € X},
where u,: X - [0,1].

Definition 2.2 [2] An intuitionistic fuzzy set A in X is given by
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A= {(x, pa (), va(x)): x € X},

where p,: X = [0,1] and v,: X — [0, 1], with the condition 0 < p,(x) + v4(x) < 1;Vx € X.

The values u, (x) and v, (x) represent, respectively, the membership degree and non-membership degree
of the element x to the set A.

For any intuitionistic fuzzy set A on the universal set X, for x € X

me(x) =1- (#A(x) + VA(x))

is called the hesitancy degree (or intuitionistic fuzzy index) of an element x in A. It is the degree of
indeterminacy membership of the element x whether belonging to A or not.

Obviously, 0 < mu(x) < 1 forany x € X.

Particularly, my(x) = 1 — u,(x) — v, (x) is always valid for any fuzzy set A on the universal set X.

The set of all picture fuzzy sets in X will be denoted by PFS(X).

Definition 2.3 [3] A picture fuzzy set A on a universe of discourse X is of the form

A= {(x,1a(0), (), va(x)): x € X},

where p,(x) € [0, 1] is called the degree of positive membership of x in 4, n,(x) € [0, 1] is called the
degree of neutral membership of x in A and v, (x) € [0, 1] is called the degree of negative membership of
x in A, and where p,(x),n,4(x) and v, (x) satisfy the following condition:

0<uu(x)+ nyx)+ vy(x) <L, Vx € X.

Here 1 — (uA )+ () + vy (x)); Vx € X is called the degree of refusal membership of x in A.
The set of all picture fuzzy sets in X will be denoted by PFS(X).
Definition 2.4 [3] Let A, B € PFS(X), then the subset, equality, the union, intersection and complement
are defined as follows:
i ACBiffvVx € X, u,(x) < pug(x),n,(x) < ng(x) and vy (x) = vy(x);
ii. A=Biff Vx € X,u,(x) = up(x),n4(x) = np(x) and v,4(x) = vp(x);
iii. AUB= {(x, max(,uA(x), uB(x)) , min(nA(x), nB(x)) , min(vA(x),vB(x))): x € X};
iv. ANB= {(x, min(uA(x), ,uB(x)) , min(r)A(x), nB(x)),max(vA(x),vB(x))): x € X};
V. A = {(x,vA(x),r]A(x),uA(x)):x EX}.
Definition 2.5 [3] Let X and Y be ordinary non-empty sets. A picture fuzzy relation R is a picture fuzzy
subset of X X Y i,e R given by

R ={((x,3), ur (6, ¥),1r (x,¥), Ve (x,)): x € X,y € Y}
where pg: X XY — [0,1],ng: X XY — [0,1], vg: X X Y — [0,1] satisfying the condition
0 < ug(x,y) +nr(x,y) +vg(x,y) < 1forevery (x,y) € (X XY).
Definition 2.6 [3] Let R € PFR(X X Y). Then the inverse relation R~ 'between Y and X:
Ur-1(¥, %) = pg(x, ) , Np-1(y, %) = N (x, ¥), Ve-1 (¥, %) = vg(x,¥), V(x,y) €EX X Y.

Definition 2.7 [3] Let R and P be two picture fuzzy relations between X and Y, for every (x,y) € X XY
we define:

(i) R<P & (ur(xy) < pp(x,y))and (nr(x,y) < np(x,y)) and (vg(x, y) = vp(x,5)),

(i) RVP ={(0y),ug(e,y) Vup(x,y),nx(x,¥) Anp(x,y), vg(x,¥) Avp(x,y):x €
X,y €Y},

(i) RAP={(x,y),ur(x,¥) App(x,¥),mr(x, ) Ap(x,¥), Ve (x,¥) VVp(x,¥): x €
X,y €Y},

(iv) R ={((x ), ve(x,¥),1r(x, ), ur(x,¥)):x € X,y €Y}.
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III. COMPOSITIONS OF PICTURE FUZZY RELATIONS

Definition 3.1 [3] LetR € PFR(X X Y) and S € PFR(Y X Z). Then the max-min composition of R and
S is the picture fuzzy relation from X to Z defined as

RoS = {((x, Z), fres (X, 2), NRos (X, 2), Vos (X, Z)): xX€EX,zZE€ Z}, where
Hros (%, 2) = Vyer{us(x, ¥) A ur (v, 2)},

Nros(X,2) = Nyeyins(x, ) A (¥, 2)}
and

Vros(%,2) = Nyeyl{vs(x, y) V vr (¥, 2)}

whenever 0 < Ug.s(x, 2) + Nros (X, 2) + Vios(x,2) < 1.
Definition 3.2 Let R € PFR(X X Y) and S € PFR(Y X Z), then the min-max composition of R and S
is the picture fuzzy relation from X to Z defined as

R*S§= {(x’ Z), )u-R*S(xl Z)’ nR*S(x: Z), VR*S(JC, Z): X € X,Z € Z}, Whel‘e
Bres(X,2) = Nyerltts (6, y) V ug (v, 2)}

NRxs (x' Z) = /\yEY{nS (x, y) A Nr (y. Z)}
And

VR*S(x' Z) = VyEY{VS(xi J/) A VR(Y! Z)}
whenever 0 < pp.s(x,2) + Ng.s(x,2) + Vg, s(x,2) < 1.
Theorem 3.3 Let R, P be two elements of PFR(X X X), then (R o P)¢ = R x P€,
Proof: As pzc(x,z) = vg(x,2), nre(x,z) =ng(x,z) and vge(x,z) = ugr(x,z); for every (x,z) €
X xX.
We have,

Ro P ={(x,2),Vy{up(x,y) A g (v, 2}, Ay{np (%, %) Ay, 2)}, A{vp (%, 7)) V v (3, 2)}}

Therefore,

(R o P)° = {(x,2), Ay{vp (%, ) Vv (0, D)}, Ay{11p (%, ) Ar(y, 2)}, Vy{up (x,¥) A (v, 2)}}
= RC * PC

Proposition 3.4 Let R, € PFR(X XY) and R, € PFR(Y X Z),then R, o R, € PFR(X X Z)
Proof: For all (x,z) € X X Z, let proof

HURyoR, (x,2) + NR1°R, (x,2) + VR1oR, (x,z) <1
For all € > 0, there exists y* € Y
HRyor, (%, 2) < pip, (X, ") A pig,(¥", 2) + €
It is easily seen that

NR1oR, (x,2) < MR, 6y A MR, 0" 2)
and

VRyor, (6, 2) S Vg, (X, ¥") V VR, (¥", 2).
Now,
HR1oR, (x,2) + MR1oR, (x,2) + VR1oR, (x,2)
< Ur, (0, Y") A g, V", 2) + g, (X, ¥7) AR, (", 2) + Ve, (%, y") V VR, (¥",2) + €
Case 1: v, (x,¥") V Vg, (¥, 2) = vg,(x,¥"). Then

Ur, (6, V) A g, (v, 2) + g, (X, ¥°) Ang, (V" 2) + Vg, (X, y) Vg, (¥, 2) + €

= Up, (X, y) ANg,(¥", 2) + mg, (6, ") Ang, (¥",2) + Vg, (x, ") + €
< Up, (6, y") + g, (6, ¥") + v, (x,¥") t €
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<l+e

Case 2: v, (X, ¥") V Vg, (¥, 2) = Vg, (¥",2). Then
Ur, (6 Y™) Mg, (V" 2) + Mgy (6, ¥7) AR, (¥, 2) + Vg, (X, ¥") V Vg, (7, 2) + €
= Up, (%, Y") A g, (¥, 2) + N, (0, ¥") Ag, (", 2) + v, (¥",2) + €
S up, (v, 2) + g, (V7. 2) + Vg, (", 2) + €
<l+e

Then ug, or, (X, 2) + N or, (X, 2) + Vg, op, (x,2) <1+ € foralle > o.

Hence pg,or, (X, 2) + Ngyor, (X, 2) + Vg op, (%, 2) < 1.

Theorem 3.5 For each R € PFR(X XY) and S € PFR(Y X Z), (SoR)™! = R™1 o 571 is fulfilled.
Proof: pi(s.z)-1(2, %) = U(sor) (X, 2)

= Vyeriur (6, ¥) A s (v, 2)}

= Vyer{tig-1(y, 0) A pg-1(z, )}
= Vyerltts-1(z,y) Aug-1(y, x)}
= Up-1,5-1(Z, x).
N(sor)~1 (2, %) = Nesor) (X, 2)

= /\yEY{nR (x,¥) Ans(y,2)}

= NAyey(nr-1(y, X) Ans-1(2,)}
= Nyerins-1(z,y) Ang-1(y,x)}
= Tg-1,5-1(2, X).

and
V(sor)~1 (2,x) = V(sopy(x, 2)

= Nyerlve(, y) Vvs(3, 2)}

= /\yEY{VR_1 (¥, x) Vvs-1(z,¥)}
= Nyeylvs-1(2, ) V vg-1(y, %)}
= Vp-1,5-1(Z, X).

Theorem 3.6 Let P, Q, R € PFR(X X Y). Then

() P<Q=PoR<QoR
(i) P<Q=RoP<RoQ

Proof: (i) < Q , then

up(,2) < po (0, 2), np (1, 2) < (¥, 2) and vp(¥,2) = vy(y,2)
Now,

tpor (X, 2) = Vyeylug (x, ¥) A up (v, 2)}

< Vyer{ur (6, y) Aig(v,2)} 5 as p (v, 2) < 11 (v, 2)
= Hqor (%, 2)

Similarly, we can prove that,

Npor(X,2) < Ngor (x,2)
Again,

Vpor(%,2) = Nyeylvr (%, y) Vv (3, 2)}
2 /\yey{VR (x6y) Vv (y, Z)} ;a8 Vp(¥,2) 2 vo(,2)
= Voor (%, 2)

The property (ii) can be proved in similar manner.
Theorem 3.7 Let P,R € PFR(Y X Z),Q € PFR(X X Y),then

(1) (RVP)oQ=(ReQ)V(PQ)
(i) (RAP)oQ=(ReQ)A(P°Q)

Proof: (i) In order to proof (i), we have to show that
(@) U@rvp)oo (X, 2) = Upog(X,2) V Upog(x, 2)
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() N@rvpyeg (X, 2) = Moo (X, 2) ANpog (X, 2)
(©)  V(Rrvp)og(X,2) = VRoo (X, 2) AVpog(X, 2).
(@) Uervpyoo (%, 2) = Vyer{tto (6, ) A (ur (,2) V 115 (v, 2)) }
= Vyey {(MQ (6 y) Aur(y, Z)) v (.uQ (6 y) Aup(y, Z))}

= Vyer {(MQ (6 y) Aur(y, Z))} V' Vyer {(MQ (oY) App(y, Z))}
= Ureg (¥, 2) V fpog (%, 2).

(b) Nrvpyep (%, 2) = Ayer{ng(x, ) A (nr (v, 2) Anp(y, 2))}
= Nyer {(nQ (,y) Ang(y, Z)) A (nQ(x. ) Anp(, Z))}

= Nyey {(nQ (xy) Anr(y, Z))} A Nyey {(nq (6 y) Anp(y, Z))}
= Moo (X, 2) ANpog (X, 2).

(©) V(RvP)oQ (x,2) = /\yEY{VQ (xy)Vv (VR 0, 2) Avp(y, Z))}
= Aver{(voCe ) Vvr,2)) A (vo @ 3) V vp (3.2))}

= Ayer {(vo@ 7 Vve 0, 2} A Nyer {(vo (. ) v v2 (3,2 )}
= VRoo (X, 2) AVpog(X,2); V(x,y) EX XY.

The property (ii) can be proved in similar manner.
Theorem 3.8 Let Q € PFR(X XY), P € PFR(Y XZ), R€ PFR(Zx W), then (RoP)oQ =Ro

(P Q).

Proof: It is sufficient to prove that
L. :u(ROP)oQ(x' z) = :uRO(POQ)(x' z),
2. n(ROP)OQ(x' z) = nRO(POQ)(x' z),
3. V(RoP)oQ (x,2) = VRO(POQ)(x' z),
We have,

H(ropr)oq (x,2) = Ver{/iQ (6, ¥) A tgop (¥, Z)}
=V, (o () AMVelup (v, ) A a8, D)1}
= Vy {Ve {10 () A (0,6 Ak (6, 23}
= VelVy{lo (e 7) A e 0, O] A g (8, )}
= Ve {{itpo (0, ©) At (t, 2}
= Ugo(po) (X, 2) ; V(x,2) EX X Z.

NRep)oq (X, 2) = /\yey{nQ (%, y) ANgop (V) Z)}
= Ay {1eCey) A AL (3, 6) A (6, )1
= Ay {Ac{noGey) A e (3, 6) Ane(t 2}
= AdAA[10 G ¥) Ane (v, D] A (t, 2)}}
= /\c{TIPoQ (x, ) Ang(t, Z)}
= NRo(pog) (%, 2) ; V(x,2) EX X Z.

and V(gopyoq (X, 2) = /\er{VQ (X, ¥) V Vgop (7, 2) }
= A {va@ 9 V AL 0, 0) Vv (6, 21
= Ao ) v (0,0 V(8 DY)
= A AV Ce ) V Ve, O] v v (6, D)}

= /\t{VPoQ (x, t) \Y% Vg (t, Z)}
= Vro(pog) (X, 2) s V(x,2) € X X Z.

Theorem 3.9 For each R € PFR(X xY) and S € PFR(Y X Z), (S *R)™! = R~ x §~1 is fulfilled.
Proof: p(s.p)-1(2, %) = U(s.r) (%, 2)

= Nyerlr (6 ¥) V s (v, 2)}

= Nyerlug-1(y, ¥) V pis-1(z, )}

= Nyerlis-1(z,y) V pp-1(y, )}

= pp-1.5-1(2,%).
Ns+r)-1(2, %) = N(sup) (%, 2)
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= /\yey{nR (x,¥) Ans(y, 2)}
= Nyernr-1(7, x) Ans-1(z,¥)}
= Nyerins-1(z,y) Ang-1(y,x)}
= Np-1.5-1(Z,%).

and Vg,py-1(2, X) = Vs.p) (X, 2)
= Vyerlvr (0, y) Avs(y, 2)}
= Vyey{VR—l (¥, x) Avg-1(z,)}
= Vyerivs-1(z,y) Avg-1(y,x)}
= Vg-1,5-1(2, X).

Therefore, (S *R)™! = R™1 % S71,
Theorem 3.10 Let P, Q, R € PFR(X X Y). Then

(1) P<Q@=>P*R<Q=*R
(it) P<Q=>Rx*xP<R=xQ
Proof: (i) < @, then

up (¥, 2) < po(,2), np(y,2) < Moy, z) and vp(y,2) = vy (¥, 2)

Now,

Uper(%,2) = Nyerltr (6, ¥) V 1p (v, 2)}
< Ayer{ur (6 y) Vg (v, 2)} 5 a8 up (v, 2) < po(y,2)
= #Q*R (x' Z)

Similarly, we can prove that,

Npr(X,2) < TIQ*R(x' z)
Again,

Vpir(%,2) = Vyey{ve (%, ) Avp (3, 2)}

2 Vyey{VR (6, y) Avo(y, Z)} ;a8 Vp(¥,2) 2 vo(,2)
= VQ*R (x' Z)

The property (ii) can be proved in similar manner.

Theorem 3.11 Let P,R € PFR(Y X Z),Q € PFR(X X Y),then
(1) (RVP)*xQ=R*QV(P=*Q)
(i) RAP)*xQ=R*QA(P*Q)

Proof: (i) In order to proof (i), we have to show that
(@) U@rvp)e(X,2) = Upao(X,2) V lip.o(x, 2)
(®)  N@vpo (x,2) = UR*Q(X' z) A UP*Q(x' z)
(©)  Virvp)e(X,2) = Vguo(X,2) AVp.o(x, 2).
@ Hevpyo (6 2) = Ayer{tg(e, ) V (1 (0, 2) V 1p (v, 2)) }
= Nyer {(#Q 6y Vur(y, Z)) v (#Q 6y Ve (y, Z))}

= Nyer {(#Q (Y V pr(y, Z))} V Ayer {(MQ Y Ve, Z))}
= HUr«q (x,z) v Hp«q (x,2).
()  Nrvpyo (X 2) = NAyer{ng (%, ¥) A (13, 2) Anp(y, 2))}
= Nyer {(nq (6, y) Ang(y, Z)) A (nQ (e, y) Anp(y, Z))}
= Nyey {(nq (x,y) AR (Y, Z))} A Nyey {(nq(x, Y) Anp(y, Z))}
= Nreo (%, 2) AMlp.g(x, 2).
(©) V(RvP)Q (x,2) = VyEY{VQ (xy)A (VR 0, 2) Avp(y, Z))}
= Vyer {(Vo@. ) Ave(3,2)) A (vo (6, 9) AV (3, 2) )}

= Vyer {(Vo@ ) Ave(,2))} A Vyer {(vo e 3) A (3,2) )}
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= Ve, 2) AVpio(x,2); V(x,¥) EX XY.

The property (ii) can be proved in similar manner.
Theorem 3.12 Let Q € PFR(X XY), P € PFR(Y X Z), R € PFR(Z x W), then
(R*P)*Q =R=x(P*Q).
Proof: It is sufficient to prove that
1. Ur«p)«Q (x,2z) = UR«(P+Q) (x,2),
2. N(R+P)+Q (x,2) = T’R*(P*Q)(x: z),
3. V(R*P)*Q(x' z) = VR*(P*Q)(x! z)
We have,

Her-p)0 (6 2) = Nyerto (1) V tiipapy (v, 2)}
= Nyer {Ho e ) V A (0, O) V e (6, 201}
= AyeriNfig 6, 2) V{p (3, ) V g (t, 2)} 1}
= AdA{[ 1o oY) V 1p (7, )] V 11 (8, 2) }}
= Ae{{ tpg e ) Vet 2) }}
= Urape)(%,2) ; V(X,2) EX X Z.

N(r+P)+Q (x,z) = /\er{nQ (x,¥) Ang.p (Y, Z)}
= Ay oG y) A AL (3, 6) A (6, )1
= Ay {Ac{noGey) A e, 6) Ame (e 2)}}}
= /\t{/\y{[nQ o y) Anp(y, t)] Anr(t, Z)}}
= /\c{TIPoQ (x, ) Ang(t, Z)}
= nR*(P*Q)(x, z);V(x,z) EX X Z.

and

V(r+P)*Q (x,2) = Ver{VQ (6, y) Avgp(, Z)}
= Vyer o 9) AVlve (0, 8) Avie(t, 201}
=V, {Vefvo o3 A e (3,6 A v (e, 203}
= VdAVy{[ vo(t,y) Avp (3, )] Ave(t, 2)}}

= Vi{Vp.o(x,0) Avg(t, 2)}
= Vee(prg) (6, 2) 5 V(x,2) EX X Z.

IV. APPLICATION OF THE PICTURE FUZZY RELATIONS

A.  Methodology and Algorithm

In selection of future higher study area, it cannot be represented in any numerical value. In this case
vagueness arise, for example a student tells to the student counselor that his mathematical problem solving
ability is “very high” with linguistic assessments. In this case any numerical value cannot represent this
student’s mathematical problem solving ability is “very high” but we can characterize student’s
mathematical problem solving ability by a picture fuzzy set as TABLE 1.

TABLE I: PICTURE FUZZY LINGUISTIC TERMS

Linguistic Terms CLAY
Extremely High (EH) (0.9,0.0,0.1)
Very High (VH) (0.8,0.1,0.1)
High (H) (0.7,0.2,0.1)
Medium (M) (0.5,0.2,0.3)
Low (L) (0.4,0.2,0.4)
Very Low (VL) (0.3,0.1,0.6)
Extremely Low (EL) (0.1,0.1,0.8)

Hence we know that the membership function of picture fuzzy set can state vagueness information. The
methodology involves mainly the following three jobs:

1. Determination of abilities.

2. Formulation of expert knowledge based on picture fuzzy relations.

3. Determination of higher study area selection on the basis of composition of picture fuzzy relations.
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B. Procedure
Let P = {py,pg,=+o o+ P} be a set of m students for fixing their future higher study areas with a set of
n subject knowledge skill § = {s;,5,, ==+ Sy} and D ={d,,d,, -+ d;} be a set of k study areas
related to the subject knowledge skill. Now we build a picture fuzzy relation R(P X S) from P to S, where
the entries are picture fuzzy sets d;; = (4, 1;j,v;;) for 1 i <m and 1 < j < n. The student-subject
knowledge skill relation R(P X S) is given as follows:

Sl Sz e Sn
Pi[a;y Qi Qin
p2|a a e d
R(PxS)="" "2 "2 an
Pm a'm1 dmz vt UAmn

Then, we create a relation R, (S X D) from S to D which is called subject knowledge skill- study areas
relation, where each element denote the weight of the subject knowledge skill for a certain study area. These
elements are also taken as picture fuzzy set Bi]- = (ij, Mijyv;) for1 < i <mand1 < j <n. The subject
knowledge skill — study areas relation R; (S X D) is given as follows:

d, d, - dy

S1 I~)11 1312 Izlk

Ri(Sx D) =?[Par bz - bai
Sn Bnl an Bnk

Now executing the transformation process R o R;, we get the student-study area relation R,(P X D) as
follows:

d, d, - d
P1[C1 Cip o Cix
Ry(PxD)=RoR, = 12|21 G2 " Ca
Pmllmi Cma Gk
Where ¢&;; = Y- a;;bj; where i =1,2,: - mandl=1,2,- k. Then defuzzifying the matrix

R;(P x D) by (1), we get the classical student- study area relation as

d, d, - dy
P1[Vi1 V2 v Vi
P2 | V21 Va2 0 Vyg
R;(PXxD) =", : : e 2
Pm | Vm1 VUm2  Umg

Finally if max v, = Vs, then we terminate that the student p; is selecting his study area d.
1=<i<

C. Algorithm
Step I: Input the picture fuzzy sets to get the student-subject knowledge skill relation R(P X S).
Step II: Input the picture fuzzy sets to get the subject knowledge skill - study areas relation R, (S X D).
Step III: Execute the transformation operation R,(P X D) = R(P X S) o R, (S X D) to get the student-

study area relation.
Step IV: Defuzzify all the elements of the matrix R, (P X D) by (1) to get the matrix R;(P X D) .

Step V: Find s for which v;; = max v
Then we conclude that the student p; is selecting his study area d;. In case max v;, happens for more
sl=s

than one value of [, then we can reassess the subjects knowledge to break the tie.

V. CASE STUDY

In an institution, let there are four students P = {p,, p,, p3, P} wanted to determine their future higher
study areas with respect to their subject knowledge skills: Mathematics, English Language, Biology,
Physics, and Chemistry and the possible study areas regarding to the above subject knowledge skills be
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Medicine, Pharmacy, Surgery and Anatomy. Let S = {s;, S,, S3, S4, S5} be a set of subject knowledge skills,
where sy, S,, 53,5, and ss represent: Mathematics, English Language, Biology, Physics and Chemistry,
respectively. Let D = {d,, d,, d3,d,} be a set of study areas, where d,, d,, d; and d, represent: Medicine,
Pharmacy, Surgery and Anatomy, respectively. Observing the subject knowledge skills of four students’,
the student counselor can construct the following table with their linguistic assessments.

TABLE II: LINGUISTIC ASSESSMENTS OF FOUR STUDENTS

Syt s,: English . . .
R(P xYS) Mathelmatics Iian;faglgse s5: Biology s,: Physics s5: Chemistry
s VL H EL M M
s H VH L M EH
P EH M M H VL
Da L H M EH M

Now, we have a corresponding picture fuzzy relation R(P X S) according to the rule of conversion
between linguistic terms and numerical values showed in Table I. This relation is called student-subject
knowledge skill relation and is given as follows:

S1 S2 S3 Sq Ss
p. [(0.3,0.1,0.6) (0.7,0.2,0.1) (0.1,0.1,0.8) (0.50.2,0.3) (0.5,0.2,0.3)
R(P xS)=p, |(0.7,02,0.1) (0.8,0.1,0.1) (0.4,0.2,04) (0.50.2,0.3) (0.9,0.0,0.1)
b3 {(0.9,0.0,0.1) (0.5,0.2,0.3) (0.5,0.2,0.3) (0.7,0.2,0.1) (0.3,0.1,0.6)
P+ 1(0.4,0.2,04) (0.7,0.2,0.1) (0.5,0.2,0.3) (0.9,0.0,0.1) (0.5,0.2,0.3)

Again, detecting the subject knowledge skill of four students’, the career guidance officer can construct
the following table with their linguistic assessments.

TABLE III: LINGUISTIC ASSESSMENTS FOR SUBJECT KNOWLEDGE SKILL TO STUDY AREAS

di: . . .
R,(S X D) Medicine d,: Pharmacy ds: Surgery d,: Anatomy
S1 EL H VH VL
Sy H M H VH
S3 M H EH H
Sy H M M L
Se EH EH H M

Now we make a picture fuzzy relation R, (S X D). This relation is called subject knowledge skill - study

areas relation and is given as follows:

dy d, ds dy
s, [(0.1,0.1,08) (0.7,0.20.1) (0.80.1,0.1) (0.30.1,06)
RS X D) =2 (0.7,0.2,0.1) (0.5,0.2,0.3) (0.7,0.2,0.1) (0.8,0.1,0.1)
1 s3 [(0.5,0.2,03) (0.7,02,0.1) (0.9,0.0,0.1) (0.7,0.2,0.1)
ss [(0.7,02,0.1) (0.5,0.2,0.3) (0.50.2,0.3) (0.4,0.2,0.4)
S5 1(0.9,0.0,0.1) (0.9,0.0,0.1) (0.7,0.2,0.1) (0.5,0.2,0.3)

Then, executing the transformation operation R,(P X D) = R(P X §) o R;(S X D) , we get the student-

study areas matrix R, (P X D) as follows:

d d, ds d,

p, [(0.7,0.0,0.1) (0.5,0.0,03) (0.7,0.0,0.1) (0.7,0.1,0.1)
R,(PxD)=p; [(0.9,0.0,0.1) (0.9,0.0,0.1) (0.7,0.0,0.1) (0.8,0.0,0.1)

Ps |(0.9,0.0,0.1) (0.7,0.0,0.1) (0.8,0.0,0.1) (0.5,0.0,0.3)

P+ 1(0.7,0.0,0.1) (0.5,0.0,0.3) (0.7,0.0,0.1) (0.7,0.0,0.1)

Example for R,(p; X d;): max{min(0.3,0.1), min(0.7,0.7), min(0.1,0.5), min(0.5,0.7), min(0.5,0.9)}
= max{0.1,0.7,0.1,0.5,0.5} = 0.7
min{min(0.1,0.1), min(0.2,0.2), min(0.1,0.2), min(0.2,0.2), min(0.2,0.0)}

= min{0.1,0.2,0.1,0.2,0.0} = 0.0
min{max(0.6,0.8), max(0.1,0.1), max(0.8,0.3), max(0.3,0.1), max(0.3,0.1)}

= min{0.8,0.1,0.8,0.3,0.3} = 0.1

Now, defuzzifying the above matrix by (1), we get the classical student-study areas matrix as
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d, d, d; d,

pi [0.6 02 0.6 0.7
R;(PxD)=p, |08 08 06 0.7
p: (08 06 07 02

rs lo6 02 06 06

From the above relation we conclude that p; can study either in Medicine or in Surgery, p, can study
either in Medicine or in Pharmacy, p; can study only in Medicine and p, can study in any areas except
Pharmacy. The results may be varied with the institutional rules and student counselor’s assessments
strategy in Table III.

VI. CONCLUSIONS

Picture fuzzy set is the latest generalization of both the fuzzy set and intuitionistic fuzzy set in the field of
uncertainty to deal with ambiguity. The picture fuzzy relation plays a vital rule to make with association among
the elements and decision making. In this paper, min-max composition for picture fuzzy relation is defined
and explored some related properties using this definition. Moreover, some properties of max-min
composition for picture fuzzy relations are discussed thoroughly. Finally, a decision making problem is
discussed.
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