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Enumeration of Triangles and Hamiltonian
Property of The Zero-Divisor Cayley Graph

of The Ring (Z,,,®,0)
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Abstract — In this paper an enumeration method to find the number of triangles in the zero-
divisor Cayley graph G(Z,,, D), associated with the ring (Z,,®,®),n > 1, an integer and its
subset D of zero-divisors is presented. Further it is shown that this graph is Hamiltonian, not
bipartite and Eulerian, when n is odd.
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I. INTRODUCTION

Reference [1] introduced the concept of congruence in Graph theory and thus paved the way for the
emergence of a new class of graphs, namely, Arithmetic graphs. Reference [2], and [3], [4] and others
studied the Cayley graphs associated with certain arithmetic functions. Reference [5] introduced Cayley
graphs associated with the arithmetical functions, namely, the Euler totient function ¢(n), the quadratic
residues modulo a prime p and the divisor function d(n),n = 1, an integer and obtained various properties
of these graphs. Later [6]-[8], studied various domination parameters and cycle structures of these graphs.

References [9]-[13], and others studied the zero-divisor graphs of commutative rings. Given a
commutative ring R with identity, they defined the zero-divisor graph I'(R) as the graph, whose vertex set
is the set Z(R)", the set of nonzero zero-divisors of R and the edge set is the set of all ordered pairs (x, y)
of elements x,y € Z(R)", such that xy = 0 and studied the connectedness, the girth, the diameter, the
automorphism of I'(R) and other properties under conditions on the ring R. In [14]-[16], the authors
introduced Cayley graphs associated with the set of zero-divisors of a ring (R, +, -) and studied these
graphs, with particular reference to the ring (Z,,, @, ©) of residue classes modulo n = 1, an integer and
studied their basic properties, vertex domination, girth, diameter, and other concepts.

Consider the ring (Z,,, ®,0©) of integers modulo n, n > 1, an integer, which is a commutative ring with
unity. In [15], it is established that the set D, of nonzero zero-divisors in the ring (Z,,, ®,() is a symmetric
subset of the group (Z,,, ®) and the zero-divisor Cayley graph G(Z,,, Dy) is the graph, whose vertex set is
Z,, and the edge set is the set of ordered pairs (u, v)such that u, v € Z,, and eitheru —v € Dy orv—u €
D,. This graph is (n — @(n) — 1) — regular and its size is g (n — ¢(n) — 1). Further G(Z,, D,) contains
(1) only isolated vertices, if n is a prime (Lemma 2.10, [15]), (ii) p disjoint complete components, if
n =p’,p, a prime and r > 1, an integer (Theorem 3.7, [15]), (iii) it is a connected graph, if n > 1, an
integer, which is not a power of a single prime (Theorem 4.4, [15]). The terminology and notions that are
used in this paper can be found in [17] for graph theory, [18] for algebra and [19] for number theory.

The graphs G (Z,, D), G(Zy, Dy) and G(Z,,, D,) are given below:

G(Zy2,D,)

i
G(Z7,Do)

Fig. 1. The graphs of G(Z,, Dy), G (Zs, Dy) and G(Z,,, Dy)
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II. ENUMERATION OF TRIANGLES IN A ZERO-DIVISOR CAYLEY GRAPH

In a graph a 3-cycle is called a triangle and the triangle formed by the distinct vertices a, b, c is denoted
by (a, b, ¢). In the graph G(Z,,, D), the triangle (6, a, E) is called a basic triangle and it is denoted by Az 5.
Lemma 2.1: The number of distinct basic triangles in the graph G (Z,, D) is %ZaEDolDo N (@+ Dy)l.

Proof: Let @ € Dy and let b € Z,,. Then (6, a, E) is a basic triangle

©a—0€D,b—0€Dyandb—a € D,

& a,b,b—aeDb,

© a,beDyandb € a+ D,

& beDy,N(@+Dy).

Thus, for @ € D, the number of distinct basic triangles in the graph G(Z,,, Dy) is |Dy N (@ + Dy)|.

However by the definition of the adjacency in G (Z,, D,), the triangles Az 5 and Ap; represent the same
basic triangle. So the number of distinct basic triangles in the graph G(Z,,, D) is:

1 _
EZ&EDolDon @+ D). L

Example 2.2: The basic triangles of the zero-divisor Cayley graph G(Z,,, D,) are enumerated below.

Fig. 2. The graph G (Z;,, Dy).

TABLE I: ENUMERATION OF BASIC TRIANGLES OF G (Z;,, D)

a a+D, Dy N (@ + Dy) Basic Tringles

2 {4,5,6,8,10,11, 0} {4,6,8,10} (0,2,4),(0,2,6),(0,2,8),(0,2,10)

3 {5,6,7,9,11,0,1} {6,9} (0,3,6),(0,3,9)

4 {6,7,8,10,0,1, 2} {2,6,8,10} (0,4,2),(0,4,6), (0,4,8), (0,4,10)
6 {8,9,10,0,2,3,4} {2,3,4,8, 9,10} (0,6,2), (0,6,4),(0,6,8),(0,6,10)
8 {10,11,0,2,4,5,6} {2,4,6,10} (0,8,2), (0,8,4)(0,8,6), (0,8,10)
9 {11,0,1,3,5,6,7} {3,6} (0,9,3), (0,9,6)

10 {0,1,2,4,6,11,8} {2,4,6,8} (0,10, 2), (0,10,4)(0,10,8)

Since Agzp = Ap 5 , for a, b € D,, the distinct basic triangles of the graph G (Z,,, D,) are A57, 855, Ass,
A3 15, A3, Az, Azg Azs Azte, Ags Agio and Agtg, which are represented by the thick lines in the
graph G(Z,,, D,) and the extracted portion of the graph containing, the basic triangles is given in the Fig.
4.

Fig. 3. The graph G (Z,5, D).
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Fig. 4. The basic triangles of G(Z,,, D).

The following theorem gives a formula for the total number of distinct basic triangles in the graph
G(Z,, Dy).
Theorem 2.3: The number of distinct triangles in the graph G (Z,,, D) is:

1 _
p |Z,,| Zaeuowo N (a+ Do)l

Proof: The graph G(Z,,D,), being a Cayley graph, it is vertex symmetric. Further, for any g €
G(Z,,D,), the mapping: G(Z,,Dy) = G(Z,,D,), given by 8(x) =g+ x, for all G(Z,, D,), is an
automorphism of G(Z,,, D,) and 8(0) = g + 0 = . Since an automorphism preserves incidence, it takes
adjacent vertices into adjacent vertices and non-adjacent vertices into non-adjacent vertices and the basic

triangle (6, a, l_)) is taken into the triangle ( ggt+ag+ 13) under the automorphism 6. Thus for each g €
G, the number of triangles of the form (g, X, ¥) is also %ZﬁEDolDO N (@ + Dy)| and the total number of
triangles in G (Z,, D,) is given by % |Zn| Xaep,|Do N (@ + Dy).

However in the above enumeration each triangle in G (Z,,, D,) is counted thrice, namely, once by each of
its three vertices. So the total number of distinct triangles in G (Z,, D,) is:

1 _
g|Zn|ZaEDO|D0 N (a+ Do)l u

The sets a + Dy, Dy N (@ + Dy) and |Dy, N (@ + D,)| are given in the Table II.

TABLE II: ENUMERATION OF DISTINCT TRIANGLES OF G (Z4, Dy)

a a+D, Dy N (@ + Dy) |Dy N (@ + D)l
2 {4,5,0} {4} 1
3 {5,0,1} {0} 0
7 {0,1,2} 2} 1

Hence G(Zg, Dy) contains % X 6|1+ 0+ 1| = 2 distinct triangles, which are given below.

0

=]
=

Fig. 5. The graph G(Z¢, D) and its triangles.

Example 2.5: Consider the zero-divisor Cayley graph G (Z,,, D,). Here

The sets @ + Dy, Dy N (@ + Dy) and |D, N (@ + D,)| are given in the Table III.

TABLE I1I: ENUMERATION OF DISTINCT TRIANGLES OF G (Z;,, Dy)

a a+D, Dy n (a+ Dy) [Dy N (a@+ Dyl
2 (4,5,6,8,10,11, 0} (4,6,8,10) 4
3 (5.6,7,9,11,0,1) (%,9) 2
i (6,7,8,10,1,7} (2,6,8,10} 4
6 {8,9,10,0, 2,4} {2,3,4,8,9,10} 6
8 {10,11,0,2.4,5,6} (2,4,6,10,} 4
5 (11,0,1,3,5,6,7) 3,6) 2
0 (0,1,2,4,6,7.,8) (2,1,6,8) 4
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Hence the number T(G(Z,,, Dy)) of distinct triangles of G (Z,, D) is given by
1 12
T(G(Z12,Dy)) = ngnl E Dy N (@+ Dy)| = ?|4 +24+4+6+4+2+4]=2(26) =52

aeDy
These 52 distinct triangles of G(Z;,, D) are given below:
(0,2,4),(0,2,6),(0,2,8), (0,2,10), (0,3,6), (0,3,9), (0,4, 6),
(

(0,6,10), (0,8,10), (1,3,5), (1,3,7), (1,3,9), (1,3,11)
(1,511), (1,7,9, (1,7,10), (1,7,1D), (1,9,11), (2,4,

(2,6, ) (2,6,10), (2810) (2811) (357) (§§

..(;

(79 1)

III. HAMILTONIAN PROPERTY OF THE ZERO-DIVISOR CAYLEY GRAPH G (Z,,, D,)

A Hamilton cycle of G is a cycle that contains every vertex of G exactly once. A graph is called
Hamiltonian if it contains a Hamilton cycle.

Theorem 3.1: If n > 1, be an integer, not a power of a single prime, then the graph G(Z,, D,) is
connected and Hamiltonian.

Proof: Letn > 1 be an integer, which is not a power of a single prime. By the Theorem 4.4, of [15], the
graph G(Z,, D,) is connected. The vertex set V of G(Z,,, D,) can be viewed as the disjoint union of the

subsets Vo, V1, V3, ..., Vpp, 1 of V, where:

V, = {om, 157, 287, o, Py, (" P1 )pl}

v, = {om+z,1m+ﬁ,2ﬂ+pz.---,lp1 + D2 s (n_ )?’1 +p2}

Vouos = (0BT + (1 = Dz 187 + (01 = D2y s (522) P+ (01 — V-

Let us arrange the vertices of V;, V3, V5, ..., V,, _; in the sequence given below, starting with 0 and ending
with 0, namely,

H= (thl‘- lpl'pl( fl) (n pl)p1+pz.---.ﬂ+ﬁﬁ---. Pl( o )+2p2, ---'m'ﬁ)-

This fact is elegantly exhibited in the following array with the cycle indicated by directed arrows.

¥
- S— - n-— —
| 0 — pr — - 2p, — - (T"‘)pi
— — -_— n—=P\__ ,
pz - P+ Pz 2P + 7z “(5R)E+m
n—p, am— —
— + 27,
2p; — P+ 2p; — 2p, + 2P5 — _’( > )lPI Pz
l2 P: — — e n—pN\__ .
@I pae-E - dme - < (SR)E+ -2
l
— _— — _— — n—
( — Dp: pi+ @ —Dpz—  2p; +(p — Dpz — - ( )pl + (P — VP2
L 1 »

?

Fig. 6. Array indicating a Hamilton Cycle of G(Z,, D,)

One can see that all the vertices of G(Z,, Dy) occur exactly once in the above sequence. Further, it is
easy to verify that there is an edge between any two consecutive vertices in the above sequence. For example
((i + D)p; + P3) — (i1 + P3) = Py, which is a zero-divisor in the ring (Z,, ®,0®), so that, there is an
edge between these two consecutive vertices in the sequence. Hence the cycle H formed by the above
sequence of vertices of G(Z,,, D,) is a Hamilton cycle and the graph G (Z,,, D,) is Hamiltonian. ]
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Corollary 3.2: If n > 1, is an integer, not a prime, then the graph G(Z,,, D,) is not bipartite.

Proof: The zero-divisor Cayley graph G(Z,, D,) has a triangle (0, Py, 2p,), which is of length three,
when n = [[i_; p;%, where p; < p, < -+ < p, are primes, a; = 1 and r > 1 are integers. So that the zero
divisor Cayley graph G(Z,,, D,) is not bipartite, since a bipartite graph contains no odd cycles . [ ]

Theorem 3.3: If n > 1, is an odd integer, which is not a prime, then the graph G(Z,, D,) is Eulerian.

Proof: Letn > 1, be an odd integer, which is not a prime. By the Lemma 2.6 of [15], the degree of each
vertex in G(Z,, D,) isn — @(n) — 1. Since n is odd and ¢ (n) is even (n = 3), it follows that, n — ¢@(n) —
1 is even. Since a connected graph is Eulerian, if, and only if, the degree of each of its vertex is even
Theorem 4.1 of [17], it follows that the graph G(Z,, D,) is Eulerian. ]

Example 3.4: Consider the graph G(Z55, D,). Here 35 =5 X 7,p; = 5 and p, = 7. As in the Theorem
3.7 of [15], the vertex set is a disjoint union of Vy, V;, V,, V5 and V,, where V, = {6, 5,10,15,20, 25, %},

is a Hamilton cycle in the graph G (Z3s, Dy). This Hamilton cycle is exhibited by boldface edges and this
Hamilton cycle is extracted from the graph G(Z35, D,) and it is shown below:

20 10 bt

Fig. 7. The graph G(Z5s, D).

Fig. 8. The Hamilton cycle of G (Z3s, D).

IV. CONCLUSION

Reference [6] gave a method of enumeration of disjoint Hamilton cycles in a divisor Cayley graph. We
wish to obtain an enumeration method, which gives the number of Hamilton cycles in the zero-divisor

Cayley graph G(Z,,, D,). Suppose n > 5, is an even integer, which is not a power of a single prime. Then

(n—p(n)-1)

by the Lemma 2.1 of [15], the degree of each vertex is n — @(n) — 1 and its size is z . Since n is

even and ¢ (n) is even for n > 3, it follows that n — ¢(n) — 1 is odd and thus degree of each vertex of the
graph G (Z,, , Dy) is odd. If the graph G(Z,, , D,) is decomposed into the union of k disjoint Hamilton cycles,
nn-¢m)-1)

>

each of which contains n edges, the number of edges in the graph G(Z,, , D) is nk, so that nk =

(n-p(n)-1)

or, k = . This is not possible since (n — @(n) — 1) is odd. So the graph G(Z, ,D,) cannot be

decomposed into edge disjoint Hamilton cycles. However if n is odd but not a power of a single prime,
similar argument shows that it may be possible that the graph can be decomposed into edge disjoint
Hamilton cycles. In this case, it will be interesting to find an enumeration method to find the number of
edge disjoint Hamilton cycles of the graph G(Z,, , D).

DOI: http://dx.doi.org/10.24018/ejmath.2022.3.4.106 Vol 3 | Issue 4 | July 2022



EJ-MATH, European Journal of Mathematics and Statistics
ISSN: 2736-5484

ACKNOWLEDGMENT

The authors express their thanks to Prof. L. Nagamuni Reddy for his suggestions during the preparation
of this paper.

CONFLICT OF INTEREST

Authors declare that they do not have any conflict of interest.

REFERENCES

[1] Nathanson MB. Components of Arithmetic graphs. Monatsheftefiir Mathematik. 1980; 29: 219-220.

[2] Dejter 1J, Giudici RE. On unitary Cayley graphs. JCMCC. 1995; 18: 121-124.

[3] Bierrizbeitia P, Giudici RE. Counting pure k-cycles in sequences of Cayley graphs. Discrete Math. 1996; 149: 11-18.

[4] Bierrizbeitia P, Giudici RE. On cycles in the sequence of unitary Cayley graphs. Reports Techico No. 01-95, Universidad Simon
Bolivear, Depto. De Mathematics, Caracas, Venezuela. 1995.

[S] Madhavi L. Studies on domination parameters and Enumeration of cycles in some arithmetic graphs, Ph.D Thesis, Sri
Venkateswara University, India. 2003.

[6] Chalapati T, Madhavi L. Enumeration of Triangles in a Divisor Cayley Graph. Momona Ethiopian Journal of Science, 2013;
V(5):163-173.

[7] Maheswari B, Madhavi L. Enumeration of Hamilton Cycles and Triangles in Euler totient Cayley Graphs, Graph Theory Notes
of New York LIX.2010; 28-31.

[8] Maheswari B. Madhavi L. Enumeration of Triangles and Hamilton Cycles in Quadratic Residue Cayley Graphs. Chamchuri
Journal of Mathematics. 2009; 1: 95-103.

[9] Beck I. Coloring of commutative rings. J. Algebra. 1998; 116: 208-206.

[10] Anderson D, Naseer M. Beck’s Coloring of Commutative Ring. J. Algebra. 1993; 159: 500-514.

[11] Anderson DF, Livingston PS. The zero-divisor graph of commutative ring. J. Algebra. 1999; 217: 434-447.

[12] Smith NO. Planar Zero-Divisor Graph. International Journal of Commutative Rings. 2002; 2(4): 177-188.

[13] Tongsuo W. On Directed Zero-Divisor Graphs of Finite Rings. Discrete Mathematics. 2005; 296(1): 73-86.

[14] Devendra J. Nagalakshumma T, Madhavi L. The radius, diameter, girth and circumference the of zero-divisor Cayley graph of
the residue class ring (Z,,, ®, ®). IOSR Journal of Mathematics. 2019; 15(4): 58-63.

[15] DevendraJ. Madhavi L, Nagalakshumma T. The zero-divisor Cayley graph of the residue class ring (Z,,, ®, ®). Malaya Journal
of Mathematik. 2019; 7(3): 590-594.

[16] Madhavi L, Devendra J, Nagalakshumma T. The zero-divisor Cayley graph of the residue class ring (Z,,, ®, ®). Journal of
Computer and Mathematical Sciences. 2019; 10(9): 1589-1567.

[17] Bondy JA, Murty USR. Graph Theory with Applications. Macmillan, London. 1979: 290.

[18] Gallian JA. Contemporary Abstract Algebra. Narosa publishing house, Ninth edition. 2018.

[19] Apostol TM. Introduction to Analytic Number Theory. Springer International Student Edition. 1989.

[20] Livingston PS. structure in zero-divisor Graphs of commutative rings. M. S. Thesis, The University of Tennessee, Knoxville,
TN; 1997.

DOI: http://dx.doi.org/10.24018/ejmath.2022.3.4.106 Vol 3 | Issue 4 | July 2022



